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Abstract 

We present two constraint minimization approaches to prove the existence of traveling 
waves for a wide class of nonlinear Schrodinger equations with nonvanishing conditions at 
infinity in space dimension N > 2. Minimization of the energy at fixed momentum can 
!^i be used whenever the associated nonlinear potential is nonnegative and it gives a set of 

qq orbitally stable traveling waves. Minimization of the action at constant kinetic energy can 

be used in all cases, but it gives no information about the orbital stability of the set of 
solutions. 
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1 Introduction 



> 

CN| We study a class of special solutions to the nonlinear Schrodinger equation 

(1.1) i|^ + A$ + F(|$| 2 )$ = inR", 

en 

where $ is a complex- valued function on R satisfying the "boundary condition" |$| — > ro 
as \x\ — > oo, ro > and F is a real- valued function on R + such that F(vq) = 0. 



• • Equation (1.1), with the considered non-zero conditions at infinity, arises in a great variety 

of physical problems such as superconductivity, superfluidity in Helium II, phase transitions 
^ and Bose-Einstein condensate (P, [3], [1], [5], [IE], [2Z] , [22], [30], [31], [32], [ll])- In nonlinear 

optics, it appears in the context of dark solitons ([35], [36]). Two important model cases 
for (1.1) have been extensively studied both in the physical and mathematical literature: the 
Gross-Pitaevskii equation (where F(s) = 1 — s) and the so-called "cubic-quintic" Schrodinger 
equation (where F(s) = — aq + a^s — a^s 2 , ai, «3, 05 are positive and F has two positive 
roots). 

In contrast to the case of zero boundary conditions at infinity (when the dynamics asso- 



ciated to (1.1) is essentially governed by dispersion and scattering), the non-zero boundary 
conditions allow a much richer dynamics and give rise to a remarkable variety of special solu- 
tions, such as traveling waves, standing waves or vortex solutions. 

Using the Madelung transformation 3>(x,i) = \/p(x, t)e lS \ x ^> (which is well-defined in any 



region where <£ 7^ 0), equation (1.1) is equivalent to a system of Euler's equations for a 
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compressible inviscid fluid of density p and velocity 2V#. In this context it has been shown 



Equation (1.1 



^ (see the introduction of [IT]), 
has a Hamiltonian structure. Denoting V(s) 



that, if F is C 1 near r 2 , and F i {iq) < 0, the sound velocity at infinity associated to (1.1) is 

J ° F(t) dr, it is easy to see 



that, at least formally, the "energy" 



fl.2 



£($) 



R^ 



V$| 2 dx + / V(\$\ 2 )dx 



R x 



is conserved. Another quantity which is conserved by the flow of (1.1) is the momentum, 
P(<J>) = (-Pi(<£), . . . , -P/v (<£)). A rigorous definition of the momentum will be given in the next 
section. If <J> is a function sufficiently localized in space, we have Pjt($) = f RN (i&x k ,&) dx, 
where (•, •) is the usual scalar product in C ~ R 2 . 

In a series of papers (see, e.g., [3], [I], [2Z], !3I]> 132]), particular attention has been paid 
to the traveling waves of (1.1). These are solutions of the form <3?(x,£) = ip(x + ctcj), where 
uj G S N ~ l is the direction of propagation and c £ R* is the speed of the traveling wave. They 



are supposed to play an important role in the dynamics of (1.1). We say that ip has finite 
energy if V^ £ L 2 (R N ) and T^(|^| 2 ) G L 1 (R Ar ). Since the equation (1.1) is rotation invariant, 
we may assume that uj = (1, 0, . . . , 0). Then a traveling wave of speed c satisfies the equation 



(1.3) 










in R 



v 



It is obvious that a function ip satisfies (1.3) for some velocity c if and only if ip{— x±, x') satisfies 
(1.3) with c replaced by — c. Hence it suffices to consider the case c > 0. 



In view of formal computations and numerical experiments, it has been conjectured that 
finite energy traveling waves of speed c exist only for subsonic speeds: c < v s . The nonexistence 
of traveling waves for supersonic speeds (c > v s ) has been proved first in [28] in the case of the 
Gross-Pitaevskii equation, then in [UJ for a wide class of nonlinearities. More qualitatively, the 
numerical investigation of the traveling waves of the Gross-Pitaevskii equation (F(s) = 1 — s) 
has been carried out in |31| . The method used there was a continuation argument with respect 
to the speed, solving (1.3) by Newton's algorithm. Denoting Q(ip) = P\{ip) the momentum 
of ijj with respect to the x\— direction, the representation of the solutions in the energy vs. 
momentum diagram gives the following curves (the straight line is the line E = v s Q). 





Figure 1: (E,P) diagrams for (GP): (a) dimension N = 2; (b) dimension iV = 3. 



The rigorous proof of the existence of traveling waves has been a long lasting problem and 
was considered in a series of papers, see [9], [8], [J3], [7J, [33]. At least formally, traveling waves 
are critical points of the functional E — cQ. Therefore, it is a natural idea to look for such 
solutions as minimizers of the energy at fixed momentum, the speed c being then the Lagrange 
multiplier associated to the minimization problem. In the case of the Gross-Pitaevskii equation, 
in view of the above diagrams, this method is expected to give the full curve of traveling waves 
if N = 2 and only the lower part if N = 3 (since clearly, minimizers of E at fixed Q can not 
lie on the upper branch). On a rigorous level, minimizing the energy at fixed momentum was 
used in [8] to construct a sequence of traveling waves with speeds c n — > in dimension N > 3. 
Minimizing the energy E at fixed momentum Q has the advantage to provide orbitally stable 
traveling waves, which is intimately related to the concavity of the curve Q *-> E. On the other 
hand, if Q i->- E is convex, as it is the case on the upper branch in figure [l] (b), one expects 
orbital instability. 

More recently, the curves describing the minimum of the energy at fixed momentum in 
dimension 2 and 3 have been obtained in [7j , where the existence of minimizers of E under the 
constraint Q = constant is also proved for any q > if N = 2, respectively for any q € (go, oo) 
(with qo > 0) if N = 3. The proofs in [7] depend on the special algebraic structure of the 
Gross-Pitaevskii nonlinearity and it seems difficult to extend them to other nonlinearities. 
The existence of minimizers has been proved by considering the corresponding problem on 
tori (R/2n7rZ) , proving a priori bounds for minimizers on tori, then passing to the limit as 
n — > oo. Although this method gives the existence of minimizers on R, N , it does not imply the 
precompactness of all minimizing sequences, and therefore leaves the question of the orbital 
stability of minimizers completely open. 



The existence of traveling waves for (1.1) under general conditions on the nonlinearity, in 
any space dimension N > 3 and for any speed c G (0, v s ) has been proved in [33] by minimizing 
the action E — cQ under a Pohozaev constraint. The method in [43] cannot be used in space 
dimension two (there are no minimizers under Pohozaev constraints). Although the traveling 
waves obtained in [33] minimize the action E — cQ among all traveling waves of speed c, the 



constraint used to prove their existence is not conserved by the flow of (1.1) and consequently 
it seems very difficult to prove their orbital stability (which is expected at least for small speeds 
c). 

In the present paper we adopt a different strategy. If the nonlinear potential V is non- 
negative, we consider the problem of minimizing the energy at fixed momentum Q = q and 
we show that in any space dimension N > 2 there exist minimizers for any q £ (qo,oo), with 
go > 0. The minimizers are traveling waves and their speeds are the Lagrange multipliers 
associated to the variational problem. These speeds tend to zero as q — > oo. If N = 2 and F 
has a good behavior near Tq (more precisely, if assumption (A4) below is satisfied with r^O), 
we prove that go = and that the speeds of the traveling waves that we obtain tend to v s 
as q — > 0. For general nonlinearities we obtain the properties of the minimum of the energy 
vs. momentum curve and this is in agreement with the results in [31], [32] and [7J. We also 
prove the precompactness of all minimizing sequences for the above mentioned problem, which 
implies the orbital stability of the set of traveling waves obtained in this way. 

If V achieves negative values (this happens, for instance, in the case of the cubic-quintic 
NLS), the infimum of the energy on the set of functions of constant momentum is always 
— oo. In this case we minimize the functional E — Q in the set of functions V satisfying 
J RJV IVt/'I 2 dx = k. In space dimension N > 2 we prove that minimizers exist for any k in some 
interval (feo, /coo) and, after scaling, they give rise to traveling waves. Moreover, if N = 2 and 
F behaves nicely near 7q we have feo = and the speeds of traveling waves obtained in this 
way tend to v s as k — > 0. Let us emphasize that the result of [43], which holds for any N > 3, 



does not require any sign assumption on the potential V. 

In space dimension two, even in the case when V takes negative values it is still possible 
to find local minimizers of the energy under the constraint Q = q if q is not too large. If F 
satisfies assumption (A4) below with r/0 this can be done for any q in some interval (0, goo) 
and the speeds of traveling waves obtained in this way tend to v s as p — > 0. Moreover, we 
get the precompactness of all minimizing sequences, and consequently the orbital stability of 
the set of local minimizers. 

Our results cover as well nonlinearities of Gross-Pitaevskii type and of cubic-quintic type. 
To the best of our knowledge, all previous results in the literature about the existence of 



traveling waves for (1.1) in space dimension two are concerned only with the Gross-Pitaevskii 
equation and the proofs make use of the specific algebraic properties of this nonlinearity. 

The main disadvantage of the present approaches is that although we get minimizers for 
any momentum in some interval (qo,oo) or (0, gtw) or f° r an y kinetic energy in some interval 
(kQ,koo), the speeds we obtain are Lagrange multipliers, so we cannot guarantee that these 
speeds cover a whole interval. However, in all cases it can be proved that we get an uncountable 
set of speeds. 

One might ask whether there is a relationship between the families of traveling waves 
obtained from different minimization problems. In dimension N > 3 we prove that all traveling 
waves that we obtain in the present paper also minimize the action E — cQ under the Pohozaev 
constraint considered in [43]. The converse is, in general, not true. For instance, in the case 
of the Gross-Pitaevskii equation in dimension N > 3, it was proved in [7[ [21] that there are 
no traveling waves of small energy, and we generalize that result in the present paper; this 
implies that there is cq < v s such that there are no traveling waves of speed c S (cq, v s ) which 
minimize the energy at fixed momentum. However, if N > 3 the existence of traveling waves as 
minimizers of E — cQ under a Pohozaev constraint has been proved in |43j for any c £ (0, v s ). 
This is in agreement with the energy-momentum diagram of figure [l] (b), where the traveling 
waves with speed c close to the speed of sound v s are expected to be on the upper branch. We 
also prove that all minimizers of the energy at fixed momentum are (after scaling) minimizers 
of E — Q at fixed kinetic energy. It is an open question whether the converse is true or not. 
An affirmative answer to this question would imply that the set of speeds of traveling waves 
which minimize the energy at fixed momentum is an interval. Let us mention that traveling 



waves for (1.1) in dimension N = 2 with general nonlinearities as those studied in dimension 
one in [15] have been studied numerically in [T7]. The numerical algorithms in [17J allow to 
perform the constrained minimizations used is this paper. It appears that for N = 2, even 
when the potential V is nonnegative, it is not true in general that minimizing E at fixed Q or 
minimizing E — Q at fixed kinetic energy provides a single interval of speeds; for instance, it 
may provide the union of two disjoint intervals. 

We will consider the following set of assumptions: 

(Al) The function F is continuous on [0,oo), C 1 in a neighborhood of r 2 ., F(tq) = and 
F'{rl) < 0. 

(A2) There exist C > and p < j^ (with p < oo if N = 2) such that \F(s)\ < 
C(l + sP°) for any s > 0. 

(A3) There exist C, uq > and r* > tq such that F(s) < —Cs a ° for any s > r*. 
(A4) F is C 2 near Tq and 



F(s) = F'(rl)(s - rg) + -F"{rl){s - rg) 2 + 0((s - r 2 ,) 3 ) for s close to rjj. 



If (A4) holds, we define 

(1.4) r:=6->"(rg). 

If (Al) and (A3) are satisfied, it is explained in the introduction of [43J how it is possible 
to modify F is a neighborhood of infinity in such a way that the modified function F satisfies 



also (A2) and ( 1.1 ) has the same traveling waves as the equation obtained from it by replacing 
F with F. If (Al) and (A2) hold, we get traveling waves as minimizers of some functionals 
under constraints. However, if (Al) and (A3) are verified but (A2) is not, the above argument 
implies only the existence of such solutions, and not the fact that they are minimizers. 



If (Al) is satisfied, we denote V{s) = JJ° F(r)dr and a = J — ^F'^Tq). Then the sound 
velocity at infinity associated to ( |1.1[ ) is v s = 2ar^ and using Taylor's formula for s in a 
neighborhood of r 2 . we have 

(1.5) V(s) = \v"{rl){ S - r 2 ) 2 + {s - r 2 ) 2 e(s - r 2 ) = a 2 (s - r 2 ) 2 + (s - r 2 ) 2 e(s - r 2 ), 

where e(t) — > as t — ► 0. Hence for \ip\ close to ro, VGV'I 2 ) can be approximated by the 
Ginzburg-Landau potential a 2 (|^| 2 — Tq) 2 . 

Energy and function spaces. We fix an odd function ip G C°°(R) such that (p(s) = s for 
s G [0,2r ],0< iff < lonRand^(s) = 3r for s > 4r . We denote W(s) = V(s)-V{ip 2 (^/s)), 
so that W(s) = for s G [0,4^]. If assumptions (Al) and (A2) are satisfied, it is not hard to 
see that there exist C\, C2, C3 > such that 

\V(s)\ <d(s- r 2 ) 2 for any s < 9r 2 ; 

in particular, \V(ip 2 (T))\ < Ci(<^ 2 (r) — Tq) 2 for any r; 

(1.7) \V(b) -V(a)\ < C 2 \b-a\max(a Po ,b Po ) for any a, b > 2rg; 

(1.8) \W(b 2 ) - W(a 2 )\ <C 3 \b- a\ (a 2 ^ +1 l {a>2ro} + 6 2po+1 l {b>2ro} ) for any a, b > 0. 

Given if) G H} CR, N ) and S7 an open set in R^, the modified Ginzburg-Landau energy of ifi in 
ft is defined by 

(1.9) E2 L W= f \VM 2 dx + a 2 f {v 2 m-rlf dx. 

Jo. Jn 

We simply write Echi^) instead of Eq L (ip). The modified Ginzburg-Landau energy will play 
a central role in our analysis. 

We denote H X (R N ) = {^ G LJ oc (K N ) | W 6 L 2 (R N )} and 



( L1 °) _ U.^l/DiV 



f = {iP£H 1 (R N )\i P 2 (\4>\)-r 2 £L 2 (R N )} 
= {$ G H l (R N ) I £ GL (V>) < 00}. 



Let P ' (R ) be the completion of C£° for the norm \\v\\ = \\Vv \\l 2 (r*>) an d let 



X = {u£V 1 ' 2 (R N )\^ 2 (\r -u\)-r 2 eL 2 (R N )} 

= {ue H 1 (R N ) \ ue L 2 * (R N ), E GL (r -u) < 00} if N > 3. 



(l-H) f„. r- ifl/DiV^ I „, r- tT fr,N 



If N > 3 and ip G £, there exists a constant zq G C such that ip — zq £ L (R iV ), where 
2* = Ty^ (see, for instance, Lemma 7 and Remark 4.2 pp. 774-775 in [24J). It follows 
that (^(IV'I) — ¥>(ko|) G L 2 (R^). On the other hand, the fact that E'gl(V') < °° implies 
V'dV'l) — r o G L 2 (R N ), thus necessarily c£>(|zo|) = vq, that is \zq\ = tq. Then it is easily seen 
that there exist a® G [0, 27r) and uG <Y, uniquely determined by ip, such that ip = e ta °(ro — u). 
In other words, if N > 3 we have £ = {e ta °(ro — u) | Qo G [0, 2-7r), -u G A'}. 

It is not hard to see that for N > 2 we have 

(1.12) £ = {t/> : R N — >■ C | V is measurable, |^| - r G L 2 (R W ), Vt/> G L^R^)}. 

Indeed, we have |(/? 2 (H)-rg| < 4r | |V>|-ro|, hence <f?(\i/)\)—r% G L 2 (R N ) if |^|-r G ^(R^). 



Conversely, let ip £ £. If iV = 2, it follows from Lemma 2.1 below that \ip\ — Tq G L (R ) and we 



N\ 



have | |V|-ro| = ^^| \il>\ 2 -r*\ < ^| M 2 -r 2 |. If iV > 3, we know that ¥>(k/>|)-r G L 2 (R 

and < \t/)\ - <p(\lj)\) < |^|l{|^|>2r } < 2(1^1 ~ r o)l{|^|>2r } < -2^\ 1^1 _ r o|^"l{|V|>2r } and 

the last function belongs to L 2 (R ) by the Sobolev embedding. Moreover, one may find 
bounds for || \xj)\ — rQ\\ L 2mN\ in terms of Egl(iP) (see Corollary 4.3 below). 



Proceeding as in [25], section 1, one proves that £ C L + L°°(R ) and that £ endowed 
with the distance 

(1.13) de(lpl,1p2) = \\lpl - 1p2\\L*+L°°(R> f ) + IIWl - W^Hl 2 ^) + II IV'll - 1^2 1 \\l 2 (R n ) 

is a complete metric space. We recall that, given two Banach spaces of distributions on H N , 
the Banach norm on the space X + Y is defined by ||io||x+y = infllMlx + IMIv I w = x + y,x G 
X,yeY}. 

We will also consider the following semi-distance on £ : 

(1.14) d (tl)l,1p 2 ) = \\Vtpi - V^ 2 ||l2 (r jv) + || \lf)i\ - | ^2 1 Wl2(RN). 

If ipi,ip2 G £ an< i do(ipi,ip2) = 0, then we have \ip\\ = |^2| a.e. on H N and ip\ — ip2 is a constant 
(of modulus not exceeding 2ro) a.e. on H N . 

In space dimension N = 2, 3, 4, the Cauchy problem for the Gross-Pitaevskii equation has 
been studied by Patrick Gerard ( [Ml [25] ) in the space naturally associated to that equation, 
namely 

E = W G !&>(*") I W G £ 2 (R*), iVf " r 2 G L 2 (R^)} 
endowed with the distance 

d^U^z) = ||^l -V>2||L2+Z/*>(RiV) + HVV'l - VV'2||l2(RJV) + II l^ll 2 - l^l 2 ||i2(RJV). 

Global well-posedness is shown (see section pi) if N G {2, 3} or if N = 4 and the initial data is 
small. If N = 2, 3 or 4 it can be proved that E = £ and the distances dg and g?e are equivalent 
on £. 

Notation. Throughout the paper, C is the Lebesgue measure on R and T~L S is the 
s— dimensional Hausdorff measure on H N . For x = {x\, . . . ,Xjy) G H N , we denote x' = 
(x2, • • • , xn) G R^ -1 . We write (zi, z%) for the scalar product of two complex numbers zi, Z2- 
Given a function / defined on R^ and A, a > 0, we denote 

(1-15) /A ^ (x) = / (T'7 

If 1 < p < N, we write p* for the Sobolev exponent associated to p, that is — = jr. 

Main results. Our most important results can be summarized as follows. 



6 



Theorem 1.1 Assume that N > 2, (Al) and (A2) are satisfied and V > on [0, oo). For 
q>0, let 

E mm {q) = M{E(i/>) | V G S, QW) = q}. 

Then: 

(i) The function E m i n is concave, increasing on [0, oo), E m i n (q) < v s q for any q > 0, the 
right derivative of E m i n at is v s , and E m i n {q) — > oo and """ w — ► as q — > oo. 

(ii) Let qo = inf{g > | E m i n (q) < v s q}. For any q > qo, all sequences (ip n )n>l C £ 
satisfying Q{ip n ) — > q and E(ip n ) — > E m i n {q) are precompact for do (modulo translations). 

The set S q = {ip G £ \ Q(ip) = q, E(ip) = E m i n (q)} is not empty and is orbitally stable (for 
the semi-distance do) by the flow associated to \1. 1\). 



(Hi) Any Tp q G S q is a traveling wave for (1.1) of speed c(ip q ) G [d + E m i n (q),d E m i n (q)], 
where we denote by d~ and d + the left and right derivatives. We have c(ipq) — ► as q — > oo. 

(iv) When N > 3, we have qo > 0. Moreover, if N = 2 and assumption (A4) is satisfied, 
we have qo = if and only i/ T / 0, in which case c(ip q ) — > v s as q — > 0. 

If V achieves negative values, the infimum of E on the set {ip G £ \ Q(ip) = q} is — oo 
for any q. In this case we prove the existence of traveling waves by minimizing the functional 
I(ip) = —Q(ip) + Jr.jv ^(IV'I 2 ) dx (or, equivalently, the functional E — Q) under the constraint 
Ir, n l^^l 2 dx = k. More precisely, we have the following results: 

Theorem 1.2 Assume that N > 2 and (Al), (A2) are satisfied. For k > 0, let 
I min {k) = inf {/(V) | V G £, I | V^| 2 dx = k}. 



Then, there is k^ G (0, oo] such that the following holds: 

(i) For any k > koo, I m in(k) = — oo. The function Imin is concave, decreasing on [0, fcoo), 

n \ 

k 



Imin(k) < —k/Vg, for any k > 0, the right derivative of I m in atO is —1/v 2 , and mi Z — > — oo 



as k — > oo. 

(ii) Let k$ = inf {A; > | L m i n (k) < —k/v 2 } G [0,/coo]. For any k G (fcoi^oo); all 
sequences (ip n )n>i C £ satisfying J* RJV | Vip n \ 2 dx — > k and I(ip n ) — ► Imin{k) are pre- 
compact for do (modulo translations). If ipk £ £ is a minimizer for I m i n (k), there exists 
c = c(ipk) £ [yj —^ / d + I m i n {k) , y/— l/d~I m i n (k)] such that i/ik( L ) is a non constant traveling 
wave of (i.ip of speed c^ipk). 

(Hi) We have k^ < oo if and only if (N = 2 and inf V < 0). If k^ = oo, the speeds of the 
traveling waves obtained from minimizers of I m i n (k) tend to as k — > oo. 

(iv) For N > 3, we have ko > 0. If N = 2 and assumption (A4) is satisfied we have fco = 
if and only i/T^O, in which case the speeds of the traveling waves obtained from minimizers 
°f Imin(k) tend to v s as k — > 0. 



In space dimension two, the tools developed to prove Theorem 1.2 enable us to find min- 
imizers of E at fixed momentum on a subset of £ even if V achieves negative values. We 
have: 

Theorem 1.3 Assume that N = 2 and that (Al), (A2) are satisfied. Let 

El in (q)=M[E(i>)\^e£,Q(i>) = q and j V {\^\ 2 )dx > q) . 



Then: 

(i) The function E* min is concave, nondecreasing on [0,oo),E^ in (q) < v s q, d + E^ nin (0) = v s 
and Ei^-(q) < k^ for any q > 0, where k^ is as in Theorem 



1.2, 



(ii) Let ql = inf{g > | E^^q) < v s q} G [0, oo] and qL = sup{q > | E min (q) < 
fcoo} G (0,oo]. Then q < qla and for any q G (gj),9oo), a ^ sequences (ip n )n>i C £ satisfying 
Q(ipn) — > Q and E(ip n ) — > ^min(l) are precompact for do (modulo translations). 

The set S\ = {ip G £ \ Q(ip) = q, E{ip) = E^^q)} is not empty and is orbitally stable by 



the flow of (1.1) for the semi-distance do- 



(Hi) Any ip q G Sq verifies J R2 V(\ip q \ 2 )dx > 0, hence minimizes E with the constraint Q 



in the open set {w G £ | J* R2 V{\w\ 2 )dx > 0}. Therefore, it is a traveling wave for (1.1) of 
speed c(4> q )G[d+El in (q),d-El in (q)}. 

(iv) If assumption (A4) is satisfied, we have q = if and only ifT^O, and in this case, 
c(ip q ) — > v s as q — > 0. 

We may observe that in Theorem |1.2[ it may happen that /cq = fcoo , an d in this case (ii) 



never occurs. Statements (iii) and (iv) in Theorem 1.2 provide sufficient conditions to have 
^o < ^oo- Actually, this is always the case if N > 3. In the case N = 2, we have ko < k^ 
if inf V > 0, or if (inf V < 0, F verifies assumption (A4) and T ^ 0). Notice that the main 
physical example of nonlinearity satisfying inf V < is the cubic-quintic nonlinearity, for which 



one has T > 0. In the same way, in Theorem 



1.3 



it may happen that q = q^o, in which case 



(ii) never holds, but here again, under assumption (A4), this is possible only if T = 0. 



We conclude with a result concerning the nonexistence of small energy solutions to (1.3). 
This is a sharp version of a result proved in [7] for the Gross-Pitaevskii nonlinearity in dimension 
N = 3, then extended to N > 4 in [21]. The cases where go > 0, ko > or q^ > in the above 
theorems follow directly from this result. 

Proposition 1.4 Assume that N > 2 and that F verifies (Al) and ((A2) or (A3)). Suppose 
that either 

• N > 3, or 

• N = 2, F satisfies (A4) andT = 0. 
The following holds. 

(i) There is k* > 0, depending only on N and F, such that if c G [0, v s ] and if U G £ is a 
solution to (1.3) satisfying J RJV \VU\ 2 dx < k*, then U is constant. 



(ii) Assume, moreover, that F satisfies (A2) with po < jj or F satisfies (A3). There is 



£* > 0, depending only on N and F, such that any solution U G £ to (1.3) with c G [0,v s ] and 
In N (l^l 2 — r o) dx < £* is constant. 

Outline of the paper. In the next section we give a convenient definition of the mo- 
mentum and we study its basic properties. In section 3 we present a regularization procedure 
which enables us to eliminate the small-scale topological defects of functions in £. The tools 
introduced in sections 2 and 3 will be crucial for the variational machinery developed later. In 
section 4 we consider the problem of minimizing the energy at fixed momentum and we prove 
Theorem |1.1| We also develop some analytical tools that will be useful elsewhere. In section 5 
we consider the problem of minimizing the functional E — Q when the kinetic energy is fixed 



and we prove Theorems 1.2 and 1.3 An orbital stability result is proved in section 6. The 



small energy solutions are studied in section 7, where we prove Proposition 1.4. 



2 The momentum 

The momentum (with respect to the x\ direction) should be a functional defined on £ whose 
"Gateaux differential"F] is 2id Xl . In dimension N > 3, it has been shown in [43 J how to define 
the momentum on X (and, consequently, on £). In this section we will extend that definition 
in dimension N = 2. 

It is clear that on the affine space r^ + ff 1 (R Ar ) C £ , the momentum should be defined by 
Q(ro — u) = Jx>N{iu Xl , u) dx. In order to define the momentum on the whole £, we introduce 
the space y = {d Xl <f> \ <fi G if^R^)}. It is easy to see that y endowed with the (squared) 
norm ||c?a:i0[|y = [l^^llrafjjAr-) is a Hilbert space. 

In dimension N > 3, it follows from Lemmas 2.1 and 2.2 in [43] that for any u G X we have 
(iu Xl ,u) G L 1 (R JV ) + y. If N > 3 and ip G £, we have already seen there are u G X and ao G 
[0, 27r) such that ip = e ia ° (rn — u). An easy computation gives {iij) xi ■> V*) = r oIi 7 ^(u Xl ) + {iu x% , u) 
and it is obvious that Im(u Xl ) G y, thus (itp Xl ,ip) G L 1 (R Af ) + [y. The next Lemma shows 
that a similar result holds if N = 2. 

Lemma 2.1 LetN = 2. For anyip e £ we have {ip^-r 2 , G L 2 (R 2 ) and (ii> Xl , ip) G L : (R 2 )+J. 

Proof. The following facts, borrowed from [12] , will be useful here and in the sequel: for 
any q G [2, oo) there is C q > such that for all cj> G L^R 2 ) satisfying V<p G L 2 (R 2 ) and 
C 2 (supp(4>)) < oo we have 

2 i 2 



(2-1) ll0llw(^)<C,||V^||2 1(R2) ||V</»|r ^ 



l--; 

£,1(R2)II V^|| L 2( R 2) 



(see inequality (3.12) p. 108 in [12j). Since V(j) = a.e. on {(f) = 0}, (2.1) and the Cauchy- 
Schwarz inequality give 

(2-2) IHIl,(R 2 ) < ^||V0|| L2(R2) (£ 2 ({0(x) / 0}))« . 



Notice that (2.2 ), which is a variant of inequality (3.10) p. 107 in |12j . holds for any g G [1, oo) 



Let ip € £. It is clear that 
(2.3) / (\^\ 2 - r 2 ) 2 dx= f & 2 (\iP\)-r 2 ) 2 dx<oc. 

J{M<2r } J{M<2r } 

Obviously, £ 2 ({|V>| > f ro}) < oo (because Egl{4>) < oo) and |t/>| 2 — Tq < C(|^| — f^o) 2 on 
{\ij)\ > 2r }. Using (2.2) for <j) = (|-0| — §r )+ (which satisfies | \7<p\ < iV^llji^^i a.e.) we get 
(2.4) 



rlY dx<Cj[\^\- ^r ) dx < C||V^||* 2(R2) £ 2 ({|^| > ^r }) < oo. 

{|V|>2r } 



1 -- — -"'-' 3 2 r ) dx<c\wnu^:^\-l 



Thus|^| 2 -r 2 GL 2 (R 2 ). 

It follows from Theorem 1.8 p. 134 in |25) that there exist w G /^(R 2 ) and a real-valued 
function tfi on R 2 such that G L 2 oc (R 2 ), d a (p G L 2 (R 2 ) for any a G N 2 with |a| > 1 and 

(2.5) i(} = r e i * + w. 

A simple computation gives 

dx\ ' u dxi V ' / dx\ 

x We did not introduce a manifold structure on £ , although this can be done in a natural way, see [241 125] 



(2.6) W Xl ,i>) = -r 2 ^- + r ^- (<*u;,e*>) - 2r (J^-e* u>> + (i^,^). 



However, it will be clear (see (2.11 1) what we mean here by "Gateaux differential.' 



The Cauchy-Schwarz inequality implies that {(p Xl e l ^,w) and (iw Xl ,w) belong to L^R 2 ). It is 
obvious that |£ G y. We have (ra,e i?i ) G L 2 (R 2 ) and 

9 / , . i^\ ,.dw 



dx,, 



((iw,e i +j)=(i-£,e i +) + (w t 



o i( t>\ 



dx-j 



The fact that w and -^ belong to H l (R 2 ) and the Sobolev embedding give w, -^ G L P (R 2 ) for 
any p G [2, oo), hence (w, j^-e 1 ^) G L P (R 2 ) for any p G [1, oo). Since (i 



dw id 



G L 2 (R 2 ), we 



get gfr ({iw,e^)) G L 2 (R 2 ), hence {iw,e^) G if : (R 2 ) and consequently gfj ((iu>,e^)) G y. 



The proof of Lemma |2.1| is complete. D 

For v G L 1 (R ) and wG}', let L(v -\-w) = J RiV w(x) dx. It follows from Lemma 2.3 in |43j 
that L is well-defined and that it is a continuous linear functional on L 1 (R Ar ) + y. Taking into 



account Lemma 2.1 and the above considerations, for any N > 2 we may give the following 
Definition 2.2 Given ip G £, the momentum of ip with respect to the x\ — direction is 

Notice that the momentum (with respect to the x\ — direction) has been defined in [H] for 
functions u G X by Q(u) = L((i-^,u)). If ip = e ia °(ro — u), it is easy to see that Q(ip) = Q(u). 

If V G £ has a lifting ^ = pe i0 with p 2 - r 2 , G L 2 (R N ) and <9 G H 1 ^) (note that if 
2 < N < 4 we have always \tp\ 2 — r 2 , G L 2 (R jv ) by (1.12) and the Sobolev embedding), then 



(2.7) 



Q^) = L(-p 2 9 Xl ) 



n N 



(p 2 - rl)6 xi dx. 



The next Lemma is an "integration by parts" formula. 
Lemma 2.3 For any ip G £ and v G H l (R N ) we have (iip xi ,v) G L 1 (R Ar ), (iip,v xi ) G 



(2.J 



L((iipxi,v) + {iip,v Xl )) = 0. 



Proof. If iV > 3 this follows immediately from Lemma 2.5 in [33]. We give the proof in the 
case N = 2 . Th e Cauchy-Schwarz inequality implies (iip xi ,v) G L X (R 2 ). Let u; G H 1 (R N ) and 
be as in (2.5), so that ip = r§e % ® + w. Then 



(2.9) 



(iip,v Xl ) = r 0g^- ((«e**,v)) + r {<f> Xl e ul> ,v) + {iw,v Xl ). 



From the Cauchy-Schwarz ineq uality we have (</3 xl e 1 ^, v) G L X (R 2 ) and (iw,v xi ) G L X (R 2 ). 
As in the proof of Lemma 2.1 we obtain (ie l< ^,v) G /^(R 2 ), hence gf- (^(ie l ^,v)) G 3^ We 



conclude that (iip,v Xl ) G L (R ) +3^- Using (2.5), (2.9) and the definition of L we get 



L((iip Xl ,v) + (itp,v xi )) = L({iw Xl ,v) + (iw,v Xl )) 



R N 



{iw Xl ,v) + {iw,v Xl ) dx 



and the last quantity is zero by the standard integration by parts formula for functions in 
^(R 2 ) (see, e.g., [ID] p. 197). □ 

Corollary 2.4 Let ipi, ip 2 G £ be such that ip t - ip 2 G L 2 (R 7V ). T/jen 



(2.10) 



\Q(ipl)-Q(ih)\<\\ipi-ih\\i^(R^)( 



dipi 
dx\ 



L*(R N ) 



+ 



dj>2 
dx\ 



L 2 (R N ) 
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Proof. The same as the proof of Corollary 2.6 in |43j . □ 

Let ip G £ . It is easy to see that for any function with compact support <fi G H 1 (R. ) we 



have ip + <j> G £ and using Lemma 2.3 we get 



(2.11) lim^(Q(^ + ^)-Q(^))=L((# a;i ,^) + (# a;i ,V')) = 2 / {iif> Xl ,<f>)dx. 
t— >o t Jn N 

The momentum has a nice behavior with respect to dilations: for t/j G £, A, cr > we have 

(2.12) Q(W) = ^W). 

3 A regularization procedure 

The regularization procedure described below will be an important tool for our analysis. It 
was first introduced in [2], then developed in [33], where it was a key ingredient in proofs. It 
enables us to get rid of the small-scale topological defects of functions and in the meantime to 
control the Ginzburg-Landau energy and the momentum of regularized functions. 

In this section Q is an open set in R . We do not assume O bounded, nor connected. If 
dfl 7^ 0, we assume that dO, is C 2 . Fix ip G £ and h > 0. We consider the functional 



' E gl(0 + ^I K-Vf dx if TV = 2, 



<n(0 



Note that G^n(C) mav equal oo for some ( G £; however, Gj^ n (C) is finite whenever £ G £ and 
C - ip G L 2 (ft). We denote H^(Q) = {u G ff 1 ^) |w = 0onR Ar \fi} and 

^(^) = {CG,f:|C-^G^o 1 (^)}- 

Assume that iV > 3 and t/j = e ia °(ro — u) G £ , where ao £ [0, 27r) and u G Af. Then 

ffj(fi) = {6^(^-7;) | vGfTiCfi)}. 
Let 

It is obvious that £ = e ia °(ro — u) is a minimizer of Gj^ n in H\(Q) if and only if f is a 
minimizer of G^ q in iJ*(fi), hence the results proved in [43] for minimizers of GV q also hold 
for minimizers of Gj^q. 

The next three lemmas are analogous to Lemmas 3.1, 3.2 and 3.3 in |43j. For the conve- 
nience of the reader we give here the full statements in any space dimension, but for the proofs 
in the case N > 3 we refer to J33J; we only indicate here what changes in proofs if N = 2. 

Lemma 3.1 (i) The functional G^"q has a minimizer in Hk(fl). 

(ii) Let Ch be a minimizer of Gj^ n in H\(Q). There exist constants Ci > 0, depending only 
on N, a and ro such that: 

(3-1) E2 L (Ch) < E^lW, 
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(3.2) 
(3.3) 

(3.4) 



lla-V-ll^fi) 



< < 



h 2 E% L &) ifN = 2, 



k 32r h 2 E2 L W + Ci (i?g L ^)) 1+Ar ^ i/ N > 3. 

/ (^(iai)-r 2 ) 2 -(^ 2 (H)-^) 2 dx < C 2 hE2 L (u); 
Jn 

' 2hE% L {#) ifN = 2, 



\Q(Ch)-QW\<< 



A, 4\J 



c 3 lh 2 + (E2 L w)»hN) e% l w> 



ifN>3. 



(Hi) For z <G C, denote H(z) = (<p 2 (\z\) - r%) (p(\z\)cp'(\z\)A if z / and H(0) = 0. TTien 
any minimizer Ch °fG^ n in HMVt) satisfies inT>'(Q) the equation 



(3.5) 



' -ACh + 2a 2 H(C h ) + ^((h ~ rp) = 

-AC, + 2a 2 H{Q h ) + -J-W f%^ ) k/, - r) - (» 



32r /i 2 



32r 



ifN = 2, 



ifN>3. 



Moreover, for any u CC Q we have Ch £ W 2,p (lu) for p S [l,oo); thus, in particular, Qh E 
C 1 - a (a;) /or a e [0,1). 

('zuj For any /i > 0, <5 > and i? > i/iere exists a constant K = K(a,ro,N,h,5,R) > 
such that for any ip £ £ with Eq L {ijj) < K and for any minimizer £), o/ G^q in iJA(O) we Ziawe 



(3.6) 



ro — <5 < |C/i(^)| < r o + S whenever x £ ft and dist(x, dQ) > AR. 



Proof. Let N = 2. 

(i) The existence of a minimizer is proved exactly as in Lemma 3.1 in 



(ii) Let (h be a minimizer. We have Gj^ n ((h) < Gj^ n (ip) = E'gl(V') an d this gives (3.1) 
and (|3.2|). It is obvious that 



| (^ 2 (M) - r 2 ) 2 - (^ 2 (M) - r 2 ) 2 | < 6ro|^(N) ~ ¥>(M)| • M*i| 2 ) + ¥>(N 2 ) - 2r 2 | 
and |(/9(|zi|) — y(|^2|)| < | -zi — %|- Using the Cauchy-Schwarz inequality and (|3.2[) we get 



(^(iai)-r 2 ) 2 -(^(N)-ro 2 r 



da; 



< 6r ||a - ^l|L*(n) / ^(16*1) + ^(M) " H 



dx 



< 6r • h (£g L (V0) 5 • ( 2 y^ (^ 2 (|ai) - rlY + (v 2 M) - r 2 Y dx ) < ^hE^) 



and ( |3.3[ ) is proved. Finally, (3.4) follows from Corollary 2.4, (3.1) and (3.2). 

(iii) For any (f> G C£°(fi) we have £/, + 4> £ H\{Q) and the function £ i — )• Gj^ n (Ch + *</>) is 
differentiable and achieves its minimum at t = 0. Hence ^i Gtofe + *0) ) = f° r an y 



£ C^°(J7) and this is precisely (3.5) 
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For any z G C we have 

(3.7) |F(z)|<3r |^ 2 (M)-r 2 |<24r 3 . 

Since Oi G £, we have v^dC/il) — Tq G L 2 (R 2 ) and the previous inequality gives H(vh) G 
L 2 n L°°(R 2 ). We have (h,^ G ^oc(-'^' 2 ) an( ^ fr° m the Sobolev embedding theorem we get 
Ch, ifr G L p lo S^ 2 ) ^ or an y P G P' °°)- Using (3.5 ) we infer that /\C,h £ -^foc(^) ^ or an y P G P> °°)- 



Then (iii) follows from standard elliptic estimates (see, e.g., Theorem 9.11 p. 235 in [26j). 



iv) Using (3.7) we get 



\H{Ch)\\mn) < 3r ||^ 2 (lal) -rg|| La(n) < ^ (£® L (Ch))* < ^ (^W) 



From (3.2) and (3.5) we infer that 
(3.8) 



1 



(E^lW) 



\\ A Chh\n) < ( 6ar + 

For a measurable set w C R^" with C N (uo) < oo and for / G L 1 (cj), we denote by m(f,uj) = 
fwrj) / f(x)dx the mean value of / on ui. In particular, if / G L 2 {uj) using the Cauchy- 

Schwarz inequality we get \m(f,ui)\ < (£ N (u)) ^ ||/||l 2 (w) an d consequently 
(3.9) [|m(/,a;)|| L , (w) < (£ N (u;)) « |m(/,w)| < (^(w))«~^ ||/||z». 



Let xo be such that B(xo,AR) C 0. Using the Poincare inequality and (3.1) we have 

<C P R{E%M)) 1 



(3.10) \\( h -m(( h ,B(x ,4R))\\ L 2 {B{xoAR)) < C P R\\V( h \\ L 2 



(B(xoAR)) 



It is well-known (see Theorem 9.11 p. 235 in [26]) that for p G (l,oo) there exists C 
C(N,r,p) > such that for any w G W 2,p (B(a, 2r)) we have 



(3.11) 



\w 



\\V 2 'P{B{a,r)) < C (||^||LP(B(o,2r)) + \\Aw\\ LP ( B ( a> 2r))) • 



From ([3^, (J310J) and fl3.11[ ) we get 
(3.12) ||a-m(Ch,S(ar ,4fl))|| wa , a(B(a!0)2 fl )) <C7(a,ro,fc,U)(^§ L W) 



and in particular 

(3.13) Vl<i,j<2, 



9 2 Ch 



dxidxj 



L 2 (B(x ,2R)) 



<C(a,r ,h,R)(E2 L W)~ 2 . 



We will use the following variant of the Gagliardo-Nirenberg inequality: 



(3.14) 



|w - m(w, B(a, r)) ||i,p(B(a,r)) < C(p» q, N, r)\\w\\ v Lq{B{a ^ r)) \\ ^ w\\ l n\ b{ ^ 2t)) 



for any w G W ' (B(a, 2r)), where 1 < g < p < oo (see, e.g., [33 p. 78). Using (3.14) with 



N = 2,p = A,q = 2, then (3.1) and (3.13) we find 



(3.15) 



iiva-m(va,s(x ,i?))iu4 (B(20iR)) <ciivaiii 2(B( , 0i2il)) iiv 2 aiii 2(B(XO!2K)) 



<C(a,r ,h,R)(E2 L (tP)) 
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By (3.9 



and 



with (3.15), this gives 
(3.16) 



Jul we have \\m(yC h ,B(x ,R))\\ L 4 (B(xo>R)) < (ttR 2 )^ (££ l (V)) § . Together 



\\V(hhHB( X0 ,R)) < C(a,r ,h,R) {E% L {i>)Y . 



We will use the Morrey inequality which asserts that, for any w G C°nW /1,! '(5(xo,r)) with 
p > N we have 



ii-- 



(3.17) \w(x) -w(y)\ <C(p,N)\x-y\ p \\Vw\\ LP ( B (x ,r)) for any x,y € B(x ,r) 



(see, e.g., the proof of Theorem IX. 12 p. 166 in |10j). The Morrey inequality and ( 3.16| ) imply 
that 

(3.18) |C ft (x) -Ch(y)\ < C*(a,r ,h,R) {E% L W))* \x - y\* for any x,y G B(x ,R). 

Fix (5 > 0. Assume that there exists xo £ n such that dist(xo,dU) > AR and | |Oi(xo)| — 
r | > 6. Since | | \(h(x)\ - r \ - \ \(h(y)\ - r \ \ < \Ch(x) - (h{y)\, using ( |3.18| we infer that 



\Ch(x)\ -r \> - for any x G ^(xo,^) 



4C?(a,r ,h,K)sy i (V') 



. Let 



where r$ = min I R, 

(3.19) 7/(5) = inf{(y (r) - r^,) 2 | r 6 (-oo, r - s] U [r + a, oo)}. 



2/_\ „2\2 



It is clear that n is nondecreasing and positive on (0,oo). We have: 
EBlW > Eg L (Ch) >a 2 f (y? 2 (|a|) - r 2 ) 2 dx 

JBtxcrx) 



(3.20) 



> a 



' / 77(f) dx = a 2 7?(f )vrr 2 = vra^f ) min (i?, ^^ 

JB(x ,rs) v * v 



r ,h,R)Bg L (V) 



It is clear that there exists a constant K = K(a,ro,h,R,5) such that (3.20) cannot hold if 
Eq L (4>) < K. We infer that | |Oi(zo)| — r o| < S whenever xq G Q, dist(xo,dQ) > 4R and 

e2M <k. □ 

Lemma 3.2 Let (ip n )n>i C £ be a sequence of functions satisfying: 
(a) {EGL{^n))n>i is bounded and 



(b) lim ( sup E^y> l \^ n ) 



j/eR^ 



0. 



There exists a sequence h n — > such that for any minimizer ( n o/G^™ Rjv in H\ (R N ) 
we have || |£ n | — '"oIIl""^^ — ^ as n 



oo. 



Proof. Let N = 2. Let M = swpEQL(i/j n ). For n > 1 and x G R 2 we denote 

n>l 

m n (x) = m(^n, B(x, 1)) = - / -0 n (y) dy. 

7f i£(x,l) 

The Poincare inequality implies that there exists Cp > such that 



\My) - m n {x)\ 2 dy<C P \V^ n \ 2 dy. 

B(x,l) JB(x,l) 
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Using assumption (b) we find 



(3.21) 



sup \\ipn ~ m n (x)\\ L 2 (B(Xjl)) 



as n 



oo. 



Proceeding exactly as in the proof of Lemma 3.2 in [3H] (see the proof of (3.35) there) we get 



(3.22) 






lim sup \H(m n (x))\ = 0. 

n ^°° xeR 2 


Let 








(3.23) 


K 


= max 


(supJ\ip n -m n (x)\\ L 2 {B{Xtl)) J , 



From (3.21) and (3.22) it follows that h n 



, sup \H(m n (x))\ . 
xeR 2 / 

as n — > oo. Hence we may assume that 
< h n < 1 for each n (if h n = then ip n is constant a.e. and any minimizer ( n of Gf? n R2 

equals ip n a.e.). Let C, n be a minimizer of G? n -n 2 ( as given by Lemma 3.1 (i)). It follows from 

(hi) that Cn satisfies (3.5) and ( n G W l( ^ c (R 2 ). We will prove that HA^H^/g^ i)\ 



3.1 



Lemma 

is bounded independently on n. 

(3.24) 

where 

(3.25) f n 



odo this, we observe that (3.5) can be written as 



ACn + T2(Cn-m n (0)) = /„ 



in V'(-R 2 ) 



1 1 . , 



(Vn - m n (0)) - 2a\H{Q n ) - H(m n (0))) - 2a 2 H(m n (0)). 



From ( 3.21) we have ||Cn — VViIIl^r 2 ) < ^n-E'GiXV'n) 2 < h n Mz and from (3.23) we obtain 
llV'n - "M°)IU 2 (B(o,i)) ^ h n< K, hence 

(3.26) ||Cn - m n (0)|| L2(B(0il)) < (M2 + l)/t n . 
Since H is Lipschitz, we get 

(3.27) \\H(( n ) - H(m n (0))\\ L 2 {Bm < Ci||C„ - m n (0)|| L 2 (B(0il)) < C 2 /i n . 



Using (|3_25j), (|3_23j) and fl3.27[ ) we get 

(3.28) 

ll/n||L 2 (B(0,l)) 

< 4l^« " m n(°)llL 2 (B(o,i)) + 2a 2 ||F(C„) - ^(m„(0))|| La(B( o,i)) + 2a 2 7rl|^(m„(0))| 

< C 3 h n . 



It is obvious that for any bounded domain $7 C R 2 , each term in (3.24) belongs to H 1 (i7). 
Let x e C^°(R 2 ) be such that supp(x) C 5(0, 1), < x < 1 and x = 1 on B(0, \). Taking the 



duality product of (3.24) by x(C™ — m-ni®)) we find 
(3.29) 



/ x \VQ n \ 2 dx-\ [ (Ax)|Cn 
JR 2 2 J R2 



-m n (0)| 2 cte+ 



1 
hi ./ R2 



xlCn-m- n (0)| 2 dx 



R-' 



{fn,Cn-m n (0))xdx. 



Using (3.29), the Cauchy-Schwarz inequality and (3.26), (3.28) we infer that 
(3.30) 

To / Kn -m n (0)\ 2 dx 

n n iB(0,i) 

< II a xIIl°°(r 2 ) / \( n - m n (0)\ 2 dx + \\fn\\L 2 (B(o,l))\\Cn-m n (0)\\mB(o,l)) <C±h\. 

Jb(o,i) 
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Now (3.24), (3.28 

we have proved that for any n and x, 



and (3.30) imply that there is C5 > such that ||A^ n || ia / B /Q is\ < C5. Thus 



(3.31) 



ACn\\ijz(B(x -)) — ^ 5 ' where C5 does not depend on x and Ti- 



lt follows from (3.11) that 
(3.32) ||Cn - m n\\ W 2,2( B (x ,|)) ^ C (\\^Gn\\L2(B(xM + llCn ~ m n|| L 2( B(:I . i ))) < C 6 . 



From (3.15) we find 



(3.33) [iVCn-mCVCm-BCx,-))!!^^!)) <C||VC 



1 1 

I 2 II vt2 a 11 2 <^ /"i 

\^{B{x,\)) II V ^11^(^,1)) S ° 7 - 



It is clear that |m(VC»,B(x, g))| < (C 2 (B(x, |))) 2 HVCnll^^i)) < C 8 . Then (3.33) implies 
that || V(n [|2,4(£( X I)) is bounded independently on n and x. Using the Morrey inequality (3.17) 
we infer that there is Cg > such that 

(3.34) \( n (x) — Cn(y)\ < Cg|x — y| 2 for any n £ N* and any x,y <E R 2 with |x — j/| < -. 

8 

Let S n = || |Cn| — r o||L°°(R2) if Cm is bounded, and 5 n = r$ otherwise. Choose Xq £ R 2 such 
that I |Cn(^o)l ~~ r ol > if- From (3.34) we infe r that | \( n (x)\ - ro| > % for any x G S(xq, r n ), 



where r„ = min I |, ( -^Q- I I . Let r\ be as in (3.19). Then we have 



(3.35) 



/ (^ 2 (|Cn|)-r 2 ) 2 dx> / v(~)dx = J S f) 



On \ ___2 



B(x$,r n ) 



dx = T] — 7rr n . 



On the other hand, the function z 1 — > (<p 2 (\z\) — r^j is Lipschitz on C. From this fact, 
the Cauchy-Schwarz inequality, (3.2) and assumption (a) we get 



B(x,l) 



„2\ 2 



2\2 



V 2 (ICn(y)|)-r 2 ) -(^(|^(y)|)-r 2 ) 



rfy 



< C I |Cn(y) - VVi(y)| rfy < CV 2 ||(„ - ^ n \\L^(B(x,l)) < C^ 2 llCn ~ V^Hl^R 2 ) < C 10 /t n - 

'S(x,l) 



Then using assumption (b) we infer that 



(3.36) 



sup / (VdCnG/)!) -rl) dy — >0 as n — > 00. 

x-eR 2 Jb(x,i) 



From (3.35) and (3.36) we get lim r\ (-4 s -) r 2 = and this clearly implies lim 5 n = 0. This 

n— >oo ' n— >oo 

completes the proof ol Lemma 3.2 □ 



The next result is based on Lemma 3.1 and will be very useful in the next sections to 



prove the "concentration" of minimizing sequences. For < R\ < R2 we denote ^Ir u r 3 = 
B(0,R 2 )\B(0,R t ). 

Lemma 3.3 Let A > A3 > A% > 1. There exist Eq > and Ci > 0, depending only on 
a, ro, iV, A, A2, A3 ^and F for (vi)) such that for any R > 1, e € (0, £0) o^^ ip £ S verifying 
Eq L ' R (ip) < e, there exist two functions ip±, ip2 £ £ and a constant 6q G [0, 2n) satisfying the 
following properties: 
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(i) fa = ij, on 5(0, R) and fa = e ie ° on R N \ 5(0, A 2 R), 

(ii) ip 2 = if) on K N \ 5(0, AR) and ip 2 = r e ie ° = constant on 5(0, A 3 R), 



(Hi) 



n N 



dip 



d Xj 



dtp 



dx 



3 

2\2 



9lp2 



dxj 



dx<C 1 eforj = l,...,N, 

.2\2 /_2/, /. \\ J2\ 2 



(iv) / (^ 2 (|V|) - rlY - (<f(\fa\) - rlY - (^(|^|) - riy dx < C 2 e, 

(v) \QU>) - Qtyi) ~ QM\ < C 3 e, 

(vi) If assumptions (Al) and (A2) in the introduction hold, then 

( 



R^ 



v(M 2 )-m^i 



y(\^ 



dx < < 



C^e + C^iEGL^)) 2 -^ 1 



ifN>3, 

k C 6 e + C 7 ^e (E GL (W° +1 ifN = 2. 



Proof. UN > 3, this is Lemma 3.3 in 

Let N = 2. Fix k > 0, Ai and A A such that 1 + 4k < A 1 < A 2 < A 3 < A A < A - 4k. Let 



3.3 



A-4fc 
1+4/fc 



h = 1 and <5 = ^. Let /f (a, ro, 2V, /i, 5, r) be as in Lemma 3.1 (iv). We will prove that Lemma 
holds for sq = min f K(a, ro,2, 1, ^, A;), ^ In ( - 



Let e < £o- Let -0 £ £ be such that E g ^ ar {iIj) < e. Let Q be a minimizer of G^ ^ in the 

space H\(Qr : ar)- Such minimizers exist by Lemma 3.1 (and are perhaps not unique). From 

(hi) we have ( G W^^O^ar) for any p G [1, oo), hence ( G C (Qr,ar)- Moreover, 
(iv) implies that 



Lemma 
Lemma 



3.1 



3.1 



(3-37) "f < \C(x)\ < ^ 



for any x such that R + 4k < \x\ < AR — 4k. 



Therefore, the topological degree deg(Sr, <95(0, r)) is well defined for any r G [R + 4k, AR — 4k] 
and does not depend on r. It is well-known that C, admits a C 1 lifting 9 (i.e. C, = \(,\& ie ) 
on Q,R+4k,AR-4k if and only if deg((,dB(0,r)) = for r G (JR 4- 4k, AR — 4k). Denoting by 
t = (— sint, cosi) the unit tangent vector at 55(0, r) at a point re li , we get 



\deg(C,dB(0,r))\ 



1 

2Z7T 



2* «- (£( re «)) 



fit' 



(3.38) 



C(re lt 



< 



2rr 



2vr J /y 
On the other hand, 



2 |VC(re ii )|dt< '' 



dt 



2tt 



r 

2ivr 



2. g (re , t) 



((re 1 



dt 



2tt[ I \V((re 



it\|2 



df 



|VC(x)| 2 dx 



R+4k,AR-4k 



AR-4k p2ir 

r I |V£(re 



R+Ak 



it\\2 



dtdr. 







We have 



R+4k,AR-4,k 



\V((x)\ 2 dx < E%r R iQ < E%r R W <^< ^ln(4fef ) and we 

f 27T irr 2 1 
infer that there exists r* G (i? + 4fc, AR - 4k) such that r* / \V C,(R*e lt )\ 2 dt < — - — . From 
Jo 8 r * 



(3.38) we get 



\deg((,dB(0,n))\ < ^V2^(^\ X " 
7rr V 8 r i 
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Since the topological degree is an integer, we have necessarily deg(C,dB(0,r*)) = 0. Conse- 
quently deg(C, dB(0, r)) = for any r G (R + 4k, AR — 4k) and ( admits a C 1 lifting £ = /je* 61 . 
In fact, p, 9 £ W l( £(£lR+4k,AR-4k) because ( £ W l( £(SlR + ±k,AR-4k) (see Theorem 3 p. 38 in 

mi)- 

Consider 771,772 £ C°°(R) satisfying the following properties: 

771 = 1 on (— 00, Ai], 771 = on [^2> 00), 7/1 is nonincreasing, 

772 = on (—00, .A3], 772 = 1 on [A.4,00), 772 is nondecreasing. 

Denote 9q = fn{P-,^A\R,MR)- We define ipi and ip2 as follows: 
" if>(x) i£xGB(0,R), 



(3.39) 



ipi(x) 



C(x) i£x£B(0,AiR)\B(0,R) 

x\ 
R 

r e i6a if x£R 2 \ B(0, A 4 5) 
' r e i6a if x eB(0,A t R) 



ro + m{R)[p(x)-r ))ey ^ r '^ ' ') 

if x G 5(0, A 4 5) \ 5(0, A 4 5), 



(3.40) 



i/j 2 (x) 



•W- 



*(«o-H»(J^)(e(*)-flo)) 



ro + 77 2 (y)(p(x)-r )Je 

if x € 5(0, A 4 5) \ 5(0, A 4 5), 
C(x) ifxG5(0,A5)\5(0,A 4 5), 
V>(z) ifx€R 2 \5(0,A5). 



Then ipi, -02 G £ and satisfy (i) and (ii). The proof of (iii), (iv) and (v) is exactly as in [43]. 
Next we prove (vi). 



Assume that (Al) and (A2) are satisfied and let W be as in the introduction. Using (1.6) 



and (1.8), then Holder's inequality we obtain 

\VM 2 )-V(\C\ 2 )\dx 



R^ 



< 



|*V(M))-vV(ICI))| + \wm 2 )-w(\(\ 2 )\dx 



, 9A „ <C {^M)-riy+{^(\Q\)-rl) Z dx 

(3.41) Jn R:AR 



+C 



ICI I {^\ 2P0+1 t {M>2r0} + |C| 2P0 + 1 l { | C |>2r }) dx 



R,AR 



<C'e + U-C\\ LH n R , AR) 



\iP\ 4p » +2 t {W> 2r 0} dx + / |C| 4po+2 l { | C |>2 ro} ^ 

Qr,ar I \JQr,ar I 



Using (2.2) we get 



(3.42) 



R-> 



M 4po+2 i { h> 2 m dx < c\\vn%°tm c2 « x G r2 I l^ x )l ^ 2r °» • 



On the other hand, 

(3.43) 9^£ 2 ({x G R 2 | |t/>(x)| > 2r }) < / (v? 2 (|t/>|) - r 2 f dx < -^5 G l(0) 

7R2 a 
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and a similar estimate holds for £. We insert (3.42) and (3.43) into (3.41) to discover 

NlVf ) - V(\C\ 2 )\ dx < C'e + CV^(EglWT 0+1 ■ 



(3.44) 



R-' 



Proceeding exactly as in 
(3.45) 



R-' 



(see the proof of (3.87) there) we obtain 

\v{\q\ 2 ) -v(\^\) -v(\i> 2 \)\dx <Ce. 



Then (vi) follows from (3.44) and (3.45). 



□ 



Corollary 3.4 For any ifi G £ , there is a sequence of functions (ip n )n>i C £ satisfying: 
(i) ip n = ^ on B(0, 2 n ) and ip n = r e w " = constant on K N \ B(0, 2 n+1 ), 
(ii) \\Vipn ~ V^||ia(RW) — ► and ||^ 2 (|^n|) - ^(I^DIIrafR^ — ► 0, 

(Hi) Q(tp n ) — > Q{ip), 



\V{\W) ~ V{\xl>\ 2 )\dx 



L 2 (R N ) 

and 



R* 



2\ 2 



R N 



(V 2 \i>n\)-rl) -{y 2 \i>\)-rl) \dx^0asn 



oo. 



Proof. Let e n = E GL ^ ' (tp), so that e n — > as n — > oo. Let A = 2, fix 1 < A 2 < 



A3 < 2 and use Lemma 3.3 with R = 2 n to obtain two functions ip™, V2 with properties (i)-(vi) 
in that Lemma. Let ip n = ip™. It is then straightforward to prove that {ip n )n>\ satisfies (i)-(iii) 
above. □ 

The next Lemma allows to approximate functions in £ by functions with higher regularity. 

Lemma 3.5 (%) Assume that £1 = H N or that dQ is C 1 . Let ifi G £ . For each h > 0, let (,h be 

a minimizer of G^ n in iJl(O). Then \\(h — iPWh 1 ^) — ^ as h — > 0. 

(ii) Let ip G £. For any e > and any k G N there is ( £ £ such that V£ G H k (R N ), 
Egl(C) < E GL (7p) and \\( - ip\\m(n") < £• 



Proof, (i) It suffices to prove that for any sequence h r , 



and any choice of a minimizer 

0. 



Cn of Gf o in ffi(fi), there is a subsequence (Cnjfc>i such that lim ||0j - ip\\m(n) 

' fe— s>oo fc 

in L 2 (Q) and it is clear 



Let h n — > and let C, n be as above. By (3.2 ) we have Cn — ip 



that Cn — ip is bounded in Hq(Q). Then there are v £ -ffg (^) an d a subsequence (Cn fe )fc>i such 
that 

(Cn fc — "0) ~~ v u weakly in H (Q) and (£ nfc — VO — ^ v a - e - on ^- 



Since Cn fc 
and Cn fc - 



V> 



in L 2 (Q) we infer that v = a.e., therefore VCn fc — ^ Vt/> weakly in L 2 (Q) 



ijj a.e on Q. By weak convergence we have f^\S/ip\ 2 dx < lim inf J*^ | V£ nfc | 2 dx 

fc— >-oo 

and Fatou's Lemma gives J n (^(IV'I) — r o) dx < liminf J Q (^ 2 (|CnJ) ~~ r o) dx. Thus we get 
Eq L (iP) < tim'wf E% L (( nk ). On the other hand we have -E§ L (Cn fc ) < E% L {ip) for all k. We 

k— >oo 

„,, , - E GL {ip) and this gives lim L |VCnJ 2 dx = L \Vip\ 2 dx. 

k— >oo 

Taking into account that V£ nfc — ^ V^ weakly in L 2 (£l), we infer that V£ nfe — )• V^ strongly 
in L 2 (J7), thus (Cn ft — VO — ^ m Hq(Q), as desired. 

(ii) Let h > and let £/i be a minimizer of Gj' R]V . Then ^ satisfies (3.5) in X>'(R"), thus 

A( h £ L 2 (R N ) and this implies J§%- £ L 2 (R N ) for any i,j, hence VCft G H 1 ^). Moreover, 



infer that necessarily lim E GL (C n 



if V?/> G H e (R N ) for some feN, taking successively the derivatives of (3.5) up to order £ and 
repeating the above argument we get VCh G H e+1 (R N ). 
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Fix ip G £, k G N and e > 0. Using (i), there are h\ > and a minimizer Q\ of Gf RAr 
such that ||Ci — ' 1 P\\h 1 (r n ) < f an d VCi G H 1 (R N ). Then there are h 2 > and a minimizer 
C2 of G,^ Rjv such that ||^2 — Ci|Ih 1 (r jv ) < ^ an< ^ VC2 G H 2 (R N ), and so on. After A; steps 

we find Cfc such that VCfc G H k (R N ) and ||Cfe - V'llfl-ifRJV) < HCfc - Cfe-illffi(R^) H HIC2 - 

CiIIhi(rJV) + ||Ci - V'llifi(RW) < e- Moreover, E GL (( k ) < E GL (Ck-i) < < E GL (tp). □ 

4 Minimizing the energy at fixed momentum 

The aim of this section is to investigate the existence of minimizers of the energy E under the 



constraint Q = q > 0. If such minimizers exist, they are traveling waves to (1.1) and their 
speed is precisely the Lagrange multiplier appearing in the variational problem. 
We start with some useful properties of the functionals E, Eql an d Q. 

Lemma 4.1 If (Al) and (A2) in the Introduction hold, then U(|V>| 2 ) G L 1 (R ) whenever 
ip G £. Moreover, for any 5 > there exist C\ (5) , C 2 (5) > such that for all tp G £ we have 

(l-5)a 2 f (<p\M)-rl) 2 dx-C 1 (5)\\Vi>\\% illN) < I V(\i>\ 2 )dx 
Jr n y ' Jn N 

(4.1) 

< (1 + 5)a 2 f n (<p 2 m) - r 2 f dx + C 2 {5)\\Vn 2 L^ N) ifN>3, 

respectively 

((1 " S)a 2 - Ci(*)[| WUgjgj) J (^ 2 (H) - r 2 f dx < J VM 2 ) dx 
(4.2) 



< ( ( i + 6 )a 2 + C 2 {5)\\vn%°^)) J 2 MM) " r o? dx *f N = 2 - 

These estimates still hold if we replace the condition F G C°([0, 00)) in (Al) by F £ Lj ([0, 00)). 



Proof. Inequality (4.1) follows from Lemma 4.1 in |43j . We only prove (4.2) 



Fix 5 > 0. There exists f3 = (3(5) G (0, ro] such that 
(4.3) (1 - 5)a 2 (s - r 2 ) 2 < V{s) < (1 + 5)a 2 (s - r 2 ) 2 for any s G ((r - /?) 2 , (r + /3) 2 ). 



Let ip G £. It follows from (4.3) that F(|V>| 2 )l{ ro _£<|^|< ro+y 3} G L X (R 2 ) and 

(1 - 5)a 2 f (^ 2 (|V|) - r 2 ) 2 dx < I VM 2 ) dx 



>{ro-0<\i>\<r o +P} J{r o -P<\^\<r o +0} 

(4.4) 

<{l + 5)a 2 f (v 2 (\M)-rl) 2 dx. 

Using (A2) we infer that there exists C(5) > such that 

/ 1 x2p +2 

(4.5) |U(, 2 ) - (1 ± 5)a 2 (v 2 (s) - r 2 f \ < C(S) [\s - r \ - -fij 

for any s > satisfying \s — ro\ > (3. Let K = {x G R 2 I | 1^(^)1 ~~ r o| > f }• Let 77 be as in 



(3.19). Then ((p 2 (\ip\) - r 2 ) > 77(f) on K, hence 



2 

2\ 2 



(4.6) £ \ K) < / (^(H)-rg) 3 «fc. 
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Let 4> = (\ \if>\ - r \ - | ) . Then $ G ^ oc ( r2 )' I Wl ^ IW| a.e. on R 2 and using J2.2|) we 
get 



(4.7) 



R-' 



l^l^+^x^cuv^ilf^/: 2 ^). 



Using (|4.5|), (|4.6|) and (4.7) we obtain 

|y(|^| 2 )-(l±5)a 2 (^(|^|)-r 2 ) 2 |dx 

R 2 \{r -/3<|V|<r-o+/3} 

(4.8) 

< C[S) J H 2w + 2 dx < C'(5)\\V^\\%^ 2) J (^M) - r 2 ) 2 dx 



From (4.4) and (4.8) we infer that V{\ip\ 2 ) G L l (R 2 ) and (4.2) holds 



□ 



The following result is a direct consequence of (4.2) 



Corollary 4.2 Assume that N = 2 and (Al) and (A2) hold. There is k\ > swc/j that for 
any ip G £ satisfying J* R2 | V^| 2 da; < &i we /taue J R2 "^(IV'I 2 ) ^ x > 0. 



Corollary 4.2 is not valid if A r > 3 and there exists sq > satisfying V(sq) < 0. Indeed, if 



V achieves negative values it easy to see that there exists ip G £ such that J" RJV V(\ip\ 2 ) dx < 
0. Then J Rjv U(|Vw| 2 ) dx = ^ J r jv U(|V>| 2 ) dx < for any a > and J Rjv |VVv,a| 2 dx = 
d^- 2 J RJV | Wf dx '— > as a — ► 0. 



Corollary 4.3 Ze£ N > 2. There is an increasing function m : R_| 
lim mlr) = and 

T— >0 

II IV'I - ^o||l2 (R ]V) < m(E GL (ip)) for any ip E £. 



R + suc/i £/ia£ 



Proof Let F(s) 



1. It is obvious that F satisfies the assumptions Al and A2 in 



the Introduction. Let V(s) = JJ° F(t) dr, so that V{s) = (y/s - r ) 2 and J RN ^(|-0| 2 ) dx 



II 1^1 ~~ r °llz,2fR,ivy The conclusion follows by using the second inequalities in (4.1) and (4.2) 
with F and V instead of F and V. □ 



Lemma 4.4 (i) Let 5 G (0,ro) and let ip G £ be such that r^ — 5 < \ip\ < r$ + S a.e. on R . 
Then 

(n) Assume that < c < v s and let e G (0, 1 — £-). There exists a constant K\ = 
Ki(F, N, c,e)>0 such that for any -ip G £ satisfying E G l(iP) < K\ we have 



|Wr dx + / V{W) dx - c\Q{$)\ > eE GL {^). 

R N JR. N 

Proof. If N > 3, (i) is precisely Lemma 4.2 and (ii) is Lemma 4.3 in |43j . In the case N = 2 
the proof is similar and is left to the reader. □ 

Assume that V > on [0, oo). Recall that for any q G R we denote 

E min (q) = inf{£(V) | V 6 5, Q(V) = q}- 
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There are functions ip £ £ such that Q{ip) 7^ (see for instance Lemma 4.4 in [33]). For 
any ip £ £, the function tp(x) = ij) (—xi. x') also belongs to £ and satisfies E(tp) = E(ip), 
Q(ip) = —Q(tp). Taking into account (2.12), it is clear that for any q the set {ip £ £ \ Q(tp) = q} 
is not empty and E m i n (—q) = E m i n (q). Thus it suffices to study E m i n (q) for q £ [0,oo). 

If there is sq such that V(sq) < 0, then mf{E(ip) \ ip £ £,Q(tp) = q} = —00 for all 



q £ R. Indeed, fix q £ R. From Corollary 3.4 and (2.12) we see that there is ifi* £ £ such 
that Q(tp*) = q and ip* = tq outside a ball -B(0,it!*). It is easy to construct a radial, real- 
valued function ipo such that E(ipo) < and i/jq = ^o outside a ball B(0,Ro) (for instance, 
take Ro sufficiently large, take -00 = so on B(Q,Bq — 1), -00 = r o on R^ \ B(0,Ro) and 
ipo affine in \x\ for Ro — I < \x\ < Ro). Then Q(ipo) = Q(tpo(—xi,x')) = —Q(ipo), hence 
Q(tpo) = 0- Let ei = (1,0, ...0). For n > 1, we define ip n by ip n = ip* on B(0, R*), and 
^n(x) = Vo(f - n 2 (i? + i?*)ei) on R w \ 5(0, #*). Then Q(V>„) = Qfa) + n^Qfo&o) = 1 
and E(tp n ) = ^('0*) + n N ~ 2 J RiV | V-00 1 2 dx + n^ J Rjv FdV'ol 2 ) dx — >• -00 as n — > 00. 



In the rest of this section (except for Lemmas 4.10, 4.11 and 4.12 or if the contrary is 
explicitly mentioned) we assume that V > on [0,oo). 

The next Lemmas establish the properties of E m i n . 



Lemma 4.5 Assume that N > 2. For any q > we have E m i n {q) < v s q. Moreover, there is a 
sequence (VvOn>i such that ip n - r £ C^°(R N ), Q(tp n ) = q, E(tp n ) — > v s q, E GL (ifj n ) — > v s q 



and sup \d a ifj n (x) 

x£R N 



as n 



00 for any a £ N 



N 



a > 1. 



A 



Proof. A similar construction can be found in the proof of Lemma 3.3 p. 604 in [7j. 

Fix x £ C^°(R. N ), x 7^ 0. We will consider three parameters e, A, a > such that e ■ 
— > 00, a — > 00 and A <C a. We put 



Pe,\,a(x) = r 



e dx 



X\ X 



2aA dx\ 
A straightforward computation gives 

f dp £ Xa 2 

Jr. n 

dPeXa 2 



\A X ) = x 



X\ X 

T'7 



^xAx)=Pe,xAx)z- l£dxAx) - 



^x^ 



dx 



e 2 a N ~ 1 



L 



n N 



2 

Pe,X,a 



de x „ 



n N 



2 

Pe,X,cr 



dx\ 



dxj 



dx 



a 



dx 



N-l 



e 2 a N ~ 3 



dxi 



dx 



a 



N-3> 



4a 2 A 
r + 



4a 2 A 3 j u n 
d 2 X * 



d 2 x 



n N 



n. N 



n N 

e 



dx\dxj 



r + 



2aA dx\ 

£ dx 
2aA dx\ 

.2„N-\ 



dx 2 
dx, 
dx 2 



dx, 



2,...,N, 



dx\ 
dx 



dxj 



2 



v{pi X(f )dx 



r 0" 



,e a 



R/ 



Q(A,x,ff) 



f (pe,X,cr) ~ >\ 

(p: 



0) dx 



A ./RJV 

-2„N-l 



dx 

dx 
dx 2 



,(T 



N-l 



dx 



~ r 2 a N ~ 3 ; 



n N 



n N 



dx\ 

dx 2 



dx, 



dxj 



dx, 



, e a 



r, 



0" 



a 2 A 



dxi 



R^ 



dx, 
dx 2 



dx\ 



R^ 



9 £,A,, 



90 



A.C7 



dxi 



dx ~ rp - 



^a^" 1 



a A 



R" 



cix, 



9xi 



dx. 



Now fix g > 0. Then choose sequences of positive numbers (£ n )n>i> (A n )n>i, (<7n)n>i such that 



0, A r 



00, a r , 



00, 



and Q{ip £n ,x n ,a n ) = 1 for each n. Such a choice is 
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elo*- x f d X 



possible in view of the last estimate above. In particular, this gives " n " n f 

QiCI 

— . Let ip n = ip £n \„ a„ ■ It follows from the above estimates that 

?"o "" " 



dx\ 



2 



dx 



E{^ n ) = I \Vp £Xff \ 2 + e 2 P l X(T \Vex,a\ 2 + V(plxa) dx — > 2ar q = v s q 
and similarly Ecl^u) — > v s q as n — > oo. The other statements are obvious. □ 

Lemma 4.6 Let N > 2. For each e > there is q e > such that 

E min {q) > (v a - e)q for any q G (0, q e ). 



Proof. Fix e > 0. It follows from Lemma 4.4 (ii) that there is Kx(£) > such that for any 
ip G £ satisfying Eql{^) < K\{e) we have 



W) >(«.-§) IQMI- 



Using Lemma 4.1 we infer that there exists K 2 (e) > such that for any ip G £ satisfying 



E(ip) < K 2 (e) we have E GL (ip) < K x (e). 

Take q £ = |^. Let q G (0, q £ ). There is ip G £ such that Q(ip) = q and E(ip) < E min (q)+q. 



Since E m i n (q) < v s q by Lemma |4~5] for any such ip we have E(ip) < (v s + l)q e = K 2 (e) and 
we infer that Egl(4>) < Ki(£), thus E(tp) > (y s — §) |Q(V0I = {v s — §) Q- This clearly implies 
E m in(q) > (v 8 - |) q. □ 

Lemma 4.7 Assume that N > 2. 

(%) The function E m i n is subadditive: for any qi, q 2 >0 we have E m i n (qi+q 2 ) < E m i n (qi) + 

Emin{q.2)- 

(ii) The function E m i n is nondecreasing on [0, oo), concave, Lipschitz continuous and its 

JV-2 

best Lipschitz constant is v s . Moreover, for < q\ < q 2 we have E m i n (qi) < ( ^ J E m i n (q 2 ). 

(Hi) For any q > we have the following alternative: 

• either E m i n (T) = v s t for all r G [0, q], 

• or E min {q) < E min {T) + E min (q - r) for all r G (0, q). 



Proof, (i) Fix e > 0. From Corollary |3.4| and (2.12) it follows that there exist ipii^ & £ 



such that Q(ipi) = qt, E(ipi) < E m i n (qi) + | and ipi = r o outside a ball B(0,Ri), i = 1,2. Let 



e G R be a vector of length 1. Define 0(w) = { , , ,,-1 nN \ ,, . Then 

1 ■02(^-4(i?i + i? 2 )e) otherwise. 

^ G £ , Q(V) = Q(th) + Qfofe) =91 + 92 and E mm ( qi + q 2 ) < Ety) = Efa) + E{^ 2 ) < 

E m in{qi) + E min {q 2 ) + £. Letting e — > we get E min (q 1 + q 2 ) < E min {qi) + E min {q 2 ). 



(ii) From Lemma |4.5| and the fact that V > we obtain < E m i n (q) < v s q for any g > 0. 
For ^ G £ we have Vv.o- = ^ (i) G £> 

(4.9) Q{$ 0t0 ) = o- N - x Q{i>) and E^ aa ) = a N ' 2 f \V^\ 2 dx + a N [ V{\^\ 2 )dx. 

Jr n Jr n 

Assume that < q\ < q 2 . Let °"0 = ( f 1 ) < 1- For any ip G £ satisfying Q(ip) = q 2 we 

have Q(ipa ,<j ) = Qi and from (4.9) we see that E min (qi) < E(ip ao ,a ) < &o~ 2 E(ip). Passing 
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to the infimum over all ip verifying Q(ip) = q 2 we find E m in(qi) < ( |^ ) E m i n (q 2 ). In 



particular, E m i n is nondecreasing. Using (i) and Lemma 4.5 we get 



N-2 
<?1 " 



< E min (q 2 ) - Eminfa) < E min (q 2 - qi) < v s (q 2 - qi). 

Hence E m i n is Lipschitz continuous and v s is a Lipschitz constant for E m i n . Lemma [4, 6| implies 
that v s is indeed the best Lipschitz constant of E m i n . 

Given a function / defined on H N and t G R, we denote by S^f and Sj~ /, respectively, 
the functions 



(4.10) Stf(x) 

(4.11) S t "/(x) = 



f(x) tfx N >t, 

f(x 1 , ..., xjv-i, 2i - xat) if x N < t, 

f(xi,...,XN-l,2t-XN) J£x N >t, 
fix) if x N < t. 



It is easy to see that for all ip G £ and t G R we have S , 4 + V', S t ip £ £, E(S^ip) + ^(5 t V) = 
2£(^) and {iiSfip) Xx ,Sfip) = Sfi{iip Xl ,ip)). Moreover, if e H 1 ^) then S==0 G H 1 ^) 
and d xl (Sf(j)) = Sf{d Xl (j)). If V> £ £, there are G F^R^) and 5 G L^R^) such that 



(iip Xl ,ip) = d Xl (p + g (see Lemma 2.1 and the rema rks preceding it). Then (i(S t ip) Xl ,S t ip) 



S t i(itp Xl ,tp}) = d Xl {S t <fi) + S t g and Definition 2.2 gives Q(S t ip) = f RN S t gdx. It fol- 



lows that Q{S^ip) + Q(S t ip) = 2Q(ip) and the mapping t i — > Q(S^~ip) = J KN S^~gdx 
2 JV >t i g dx is continuous on R, tends to as t — > oo and to 2 f^g dx = 2Q(ip) as t — > — oo. 

Fix < gi < g 2 and e > 0. Let ^ G £ be such that Q(V>) = ^^ and E(ip) < 
Emin ( gl 2 g2 ) + £. The continuity of £ i — > Q{S^ip) implies that there exists to ^ R such 
that Q{Sf ijj) = q\. Then necessarily Q{S^tp) = q 2 and we infer that E{Sfijj) > E m i n {qi), 
E(S^~ip) > E m i n (q 2 ), and consequently 

Emin (^"^) + £ > E(i/;) = \{E{Stip) + E{StTP)) > ^(Eminiqi) + E min (q 2 )). 

Passing to the limit as e — > in the above inequality we discover 

(4.12) Emin ( q ^ 2 -) > \(Emin(qi) + E min {q 2 )). 



It is an easy exercise to prove that any continuous function satisfying (4.12) is concave. 



(iii) Fix q > 0. By the concavity of E min we have E min (T) > ^E m i n (q) for any r G (0,g) 
and equality may occur if and only if E m in is linear on [0, q\. Therefore for any r G (0, q) we 
have Emin(r) + E min (q - r) > \E m in{q) + ^Eminiq) = E m in{q) and equality occurs if and 
only if Emin is linear on [0, g], that is E m i n (r) = ar for r G [0,g] and some a G R. Then 



Lemma 4.5 gives a < v s and Lemma |4.6| implies a > v s — e for any e > 0, hence a = v s . □ 



The function q i — > mmSSu [ s nonincreasing (because E m i n is concave), positive and 



by Lemma 4.4 in [43] there is a sequence q n — > oo such that lim mi " y ' = 0, hence 

L ' n—toa ™ 

lim E "" n(g) =0. Let 

q— >oo 1 

q = inf{g > | E m in{q) < v s q}, 
so that g G [0, oo), E min (q) = v s q for g G [0, g ] and E m in{q) < v s q for any g > g . 

Lemma 4.8 Let N > 2. Assume that (Al), (A2) hold and V > on [0, oo). For any m, M > 
there exist Ci(m), C 2 {M) > s-uc/i i/iat for all ip G £ satisfying m < -E(V') < M we have 

dim) < ^ GL (V) < C 2 (M). 
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Proof. If N > 3, Lemma 4.8 follows directly from ( |4.1[ ), If N = 2, the second inequality 
in (4.2) implies that there is C\{rn) > such that Egl{^) > C\{m) if -E(V0 > m. All we have 
to do is to prove that J R2 (^(IV'I) ~~ r o) ^ x remains bounded if E(tp) < M. This would be 
trivial if inf{U(s 2 ) | s > 0, \s — tq\ > 5} > for any 5 > 0; however, our assumptions do not 
prevent V to vanish somewhere on [0, oo) or to tend to zero at infinity. Since the proof is the 
same if N = 2 or if A" > 2, let us consider the general case. 

Fix 5 G (0, ro] such that V(s 2 ) > \a 2 (s 2 - Tq) 2 for s G [r - 5, r + 6]. Consider tp G 5 such 



dx < 2M 



that EW) < M. Clearly, a 2 / {| H _ ro| < 5} (^(|^|) -r 2 ) dx < 2/ {| H _ ro| < <5} U(V| 

and we have to prove that JV, , ,, , >( n (y^dV'l) — r^) dx is bounded. Since ip is bounded, it 

suffices to prove that C N ({\ \ip\ — tq\ > 5}) is bounded. 

Let w = \ip\ — ro- Then |Vto| < |Vt/>| a.e., hence Vw G L 2 (R 7V ), and £ ({|w| > a}) is 
finite for all a > (because ^ G £ ). Let wi(x) = (pi(\x\) and ^2(2;) = </>2(|x|) be the symmetric 
decreasing rearrangements of w+ and W- , respectively. Then ip\ and tp 2 are finite everywhere, 
nonincreasing on (0, oo) and tend to zero at infinity. From Lemma 7.17 p. 174 in [38] it 
follows that ||Vu;i|| L 2( R iV) < ||Vu; + || Z/ 2( R jv-) and HVu^Hi^i^jv) < ||Vw_|| L 2( R jv). In particular, 
Wi, w 2 G -ff 1 (il/j li ^ 2 ) for any < R\ < R 2 < 00, where O,^^ = B(0,R 2 ) \ B(0, R\). Using 
Theorem 2 p. 164 in [22] we infer that 0i, 02 G -£^((0,00)), hence are continuous on (0,oo). 

Let U = inf{£ > | 4>i{t) < (5}, i = 1, 2, so that < (/>.;(£) < <5 on [tj, 00) and, if ti > 0, then 
<t>i{U) = S. It is clear that 

£"({| |V>| - r | > 5}) = £^({ W+ > 5}) + £^({u,_ > 5}) 
{ 6} = C N ({ Wl > 5}) + C N ({w 2 > 5}) = (if + t")C N (B(0, 1)). 



Define hi(s) = s 2 + 2r s, -Hi(s) = ls 3 + r s 2 , h 2 (s) = -s 2 + 2r s, H 2 (s) = -gs 3 + r s 2 
that H[ = h\ and H' 2 = h 2 . If £1 > we have: 



so 



Ety) > I |VV| 2 dx+ a - I {<p 2 M) - r 2 Y t {ro < M < ro+S} dx 



2j„ a _ I f,Ji(\J.\\ _2\ 2 
R N 2 J R iV 



(4.14) 



>[ \Vw + \ 2 dx+ a - [ ((w+ + r ) 2 - r 2 ) 2 dx 

Jn N z J{w + <5} 

> f \V Wl \ 2 dx + ^- f {( Wl + r ) 2 - r 2 ) 2 dx 
Jn N z J{ Wl <6} 

r a 2 

> / \V Wl \ 2 + —h 2 { Wl )dx 

jR, N \B(0,t 1 ) 2 

= l^' 1 ! jT (l^i(^)l 2 + y*?(fc(»))) ^^ * 

/■oo 2 

>t^\S N -i\j t IMs^ + ^hJiMs^ds 

poo 

> t AT-l| 5 JV-l| / -y^a^^^s))^^)^ 



t f-i|^-i| [-^affi(0i( 8 ))]~ = v^alSMtfi^ 



where IS | is the surface measure of the unit sphere in R . From (4.14) we get t 1 < 



,N-1 



CE(i/j), where C depends only on Af and V. It is clear that a similar estimate holds for t 2 . 
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Then using (4.13) we obtain 



C N ({\\iP\-r \>5})<C(E(i;))^ 



where C depends only on iV and V, and the proof of Lemma |4.8| is complete. □ 

We can now state the main result of this section, showing precompactness of minimizing 
sequences for E m i n (q) as soon as q > go- 

Theorem 4.9 Assume that q > qo, that is E m i n (q) < v s q. Let (tp n ) n >i be a sequence in £ 
satisfying 

Q(ip n ) — ► q and E(ip n ) — > E min {q). 

There exist a subsequence (tpn h )k>i, a sequence of points (xu)k>i C R , and ip € £ such that 
Q(ip) = q, E(il>)=E min (q), ipn k (-+x k ) — > ip a.e. on~R N and do(ip nk (- + x k ), if)) — > 0, that is 

\N^n k (-+x k ) - V^||l2 (r jv) — >0, || \ip nk \(- + x k ) - \i/j\ || L 2( R jv) — ^0 ask — >oo. 



Proof. Since E(ij) n ) — > E m i n (q) > 0, it follows from Lemma 4.8 that there are two 
positive constants Mi, Mi such that M\ < EcLiipn) < Mi for all sufficiently large n. Passing 
to a subsequence if necessary, we may assume that Egl(iPti) — > «o > 0. 

We will use the concentration-compactness principle [39] . We denote by A n (t) the concen- 
tration function associated to EcL^n), that is 

(4.15) A n (t)= sup / |V</>n| 2 + a 2 (^ 2 (|^ n |)-r 2 ) 2 dx. 

j/SR^ JB(y,t) 

Proceeding as in [39J, it is straightforward to prove that there exists a subsequence of ((ip n , A n )) n >i, 
still denoted ((ip n , A n )) n >i, there exists a nondecreasing function A : [0, oo) — > R and there 
is q G [0, «o] such that 

(4.16) A n (t) — > A(t) a.e on [0, oo) as n — > oo and A(t) — > a as t — > oo. 



As in the proof of Theorem 5.3 in [43], we see that there is a nondecreasing sequence t n — > oo 
such that 

(4.17) lim A n (t n ) = lim A n ( ^ ) = a. 

Our aim is to prove that a = olq. The next lemma implies that a > 0. 

Lemma 4.10 Assume that N > 2 and assumptions (Al) and (A2) in the Introduction hold 
(but not that V > on [0, oo),). Let (tp n )n>i C £ be a sequence satisfying: 

(a) EGL(ip n ) < M for some positive constant M. 

(b) liminf Q(ip n ) > g G RU {oo} as n — > oo. 

n— >oo 

c) limsup-E^n) < v s q. 
n—toc 

Then there exists k > such that sup Eq£' (ipn) > k for all sufficiently large n. 

y &n N 

Proof. We argue by contradiction and we suppose that the conclusion is false. Then there 
is a subsequence (still denoted (ip n )n>i) such that 

(4.18) lim sup / |VVg 2 + a 2 (v? 2 (lVg)-r 2 ) 2 dx = 0. 
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The first step is to prove that 
(4.19) 



lim / \V(\ip n \ 2 )-a 2 (ip 2 (\ip n \)-r 2 y\dx = 0. 

If N > 3 this is done exactly as in the proof of Lemma 5.4 in [43]. We consider here only the 
case N = 2. 

Fix e > 0. By (Al) there is 5(e) > such that 

\V(s 2 ) - a 2 ((p 2 (s) - r 2 ) 2 | < ea 2 (ip 2 (s) - r 2 ,) 2 for any s G [r - 5(e), r + 5(e)], 



hence 



(4.20) 



{r -8(e)<M<r +S(e)} 



\V(^ n \ 2 )-a 2 ^ 2 (\^ n \)-r 2 y\dx 



„2\2 



<ea 2 (<p 2 (\^ n \)-r 2 y dx<eM. 

J{ro-S(e)<\ip\<ro+S(e)} 

Using (A2) we infer that there is C(e) > such that 
(4.21) \V(s 2 ) - a 2 (<p 2 (s) - r 2 ) 2 | < C(e)(\s\ - r ) 2po+2 for any s satisfying \s - r \ > 5(e). 
Let w n = | \ip n \ — ro|. Then w n G Lf oc (R, N ) and |Vw n | < |V^ n | a.e., hence ||Vu; n ||/,2( R 2) < 



\\Vipnh*(R?) < vM. Using (2.2) for f w n - ^J we obt 



6(e) 



tarn 



/ 



»' 



2 P 0+2 dx<2 2 P 0+2 



2po+2 



u>„ -— ) dx 



U 22) j{m n ><5(e)} J{w„><5(e)} 

< C||Vu;J 2p 2 ( + 2 2) £ 2 ({u; n > *&}) < CM^C 2 ({w n > 5 -&}). 
We claim that for any 5 > we have 



(4.23) 



lim C 2 ({w n > 5}) = 0. 



The proof of (4.23) relies on Lieb's Lemma (see Lemma 6 p. 447 in [37] or Lemma 2.2 p. 101 
in [12]) and is the same as the proof of (5.22) p. 35 in |43j . so we omit it. 



From (|4.21|), (|4.22|) and (|4.23|) we get 

(4.24) 



{\W-r \>6(e)} 



V(s 2 ) - a 2 (ip 2 (s) - rg) | dx < C(e) 



w 



2po+2 



dx 



{w„>S(e)} 



as n — > oo. Then (4.19) follows from (4.20) and (4.24). 



From (4.18) and Lemma 3.2 we infer that there exists a sequence h n 



and for each n 



there is a minimizer Q n of Gf" RAr in iTl (R ) such that 

(4.25) 5 n ■= || |Cn| - n)||l/x>(RJV) ► 



as n 



oo. 



Then Lemma 4.4 (i) implies 
(4.26) 



E G L(Cn)>2a(r -5 n )\Q(Cn)\. 
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From (3.4) we obtain lim \Q(( n ) ~Q(ipn)\ = 0, hence liminf Q(Cn) = liminf Q(tp n ) = q. Using 



(4.19), trie fact that E GL (( n ) < E GL (i/j n ) and (4.26) we get 



E(ij> n ) = E GL (^ n ) + / V(\^ n \ 2 ) - a 2 {^{\^n\) - r y dx 



R/ 



> E GL (C n ) + / V{\^ n \ 2 ) - aV(|Vg) - r ) 2 dx 

> 2a(r - S n )\Q(Cn)\ + / V (\4> n \ 2 ) - a 2 & 2 (\i(> n \) - r ) 2 dx . 

Passing to the limit as n — > oo in the above inequality we get 

liminf E(ip n ) > 2ar^q = v s q, 



which contradicts assumption c) in Lemma 4.10. This ends the proof of Lemma 4.10 



□ 



< a < otQ. Let t n be as in (|4.17|) and let R n = t -f. For each n > 1, fix y n € R^ such that 



Next we prove that a (0, op ). We argue again by contradiction and we assume that 
C a < c 

E^ Rn \^ n ) > K n {R n ) - I. Using (4171), we have 

(4.27) e n := E B(y n ,2R n )\B(y n ,R n ) ^^ < An{2Rn) _ f An{Rn) _ I ] _,. as „ _► oo. 



After a translation, we may assume that y n = 0. Using Lemma 3.3 with A = 2, R = R n 



e = e n , we infer that for all n sufficiently large there exist two functions if^n,!, 4>n,2 having the 



properties (i)-(vi) in Lemma 3.3 In particular, we have E G L(ip n ,i) > ^gl ' vPn) > q(Rn 



Egl(^u,2) > E^ L Xm2Rn) (i; n ) > E GL (i> n )-q(2R n ) and \E GL ^ n )-E GL {il; n ,x)-E GL {^ 2 )\ 1 
Ce n — > as n — > oo. Taking into account (4.17|), we conclude that necessarily 



(4.28) 



E GL {ip 



71,1 J 



a 



and 



Egl{^u,2) 



From Lemma 3.3 (iii)-(vi) we get 

(4.29) \E(i{j n ) - E^ nA ) - E(^ 2 )\ 



ao — a 



and 



as n — > oo. 



(4.30) 



\Q(lf> n ) - Q(lf>n t l) - Q(ll>nfl)\ 







as n 



oo. 



In particular, E(ifj n ^) is bounded, i = 1,2. Passing to a subsequence if necessary, we may 
assume that E(i[) nt i) — > rrii > as n — > oo. Since lim Eci^n^) > 0, it follows from 



Lemma |4.1| that rrii > 0, i = 1,2. Using (4.29) we see that mi + ra 2 = E m i n (q), hence 
m ll m 2 £ (0,E min (q)). 

Assume that liminf Q(V'ni) < 0. Then (4.30) implies lim sup Q{ip n ,2) > q- It is obvious 



that 

E(ip n ,2) > E min {Q(tp n ^)). 

Passing to lim sup in the above inequality and using the continuity and the monotonicity of 
Emin we get rTT-2 > E m i n (q), a contradiction. Thus necessarily liminf Q(tp n ,i) > and similarly 



liminf Q(ip n ,2) > 0. From (4.30) we get limsupQ(7/; n) j) < q, % = 1,2. Passing again to a 
subsequence, we may assume that Q(ip n ,i) — > q% as n — > oo, i = 1,2, where q\,q2 £ (0,g). 



Using (4.30) we infer that q\ + q 2 = q. Since E(tfj n> i) > -B m m(Q(V ; n,j)), passing to the limit we 



get 777j > E m i n (qi), i = 1,2 and consequently 

E min {q) =m 1 +m 2 > E min (qi) + E min (q 2 ) 
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Since E m i n (q) < v s q, the above inequality is in contradiction with Lemma 4.7 (iii). Thus we 
cannot have a G (0, oiq). 

So far we have proved that a = ao- Then it is standard to prove that there is a sequence 

AT Ti^\ ¥\(t R \ 

(x n )n>i C R such that for any e > there is R £ > satisfying E GL "' B (ip n ) < e for all 
sufficiently large n. Denoting ^ n = t/> n (- + x n ), we see that for any e > there exist i? e > 
and n £ G N such that 



(4.31) 



? R JV \S(0,fl £ ) / 



££ r ^ u ^ty n )< £ 



for all n > n F . 



Obviously, (V?/>n)n>i is bounded in L 2 (R Ar ) and it is easy to see that (ip n )n>i is bounded in 
L 2 (B(0, R)) for any R > (use Q) and (Q if JV = 2, respectively (Q and standard Sobolev 
embedding if N > 3). It is then standard to prove that there is a function ifi G i?^ c (R ) such 
that VV> G L 2 (R Ar ) and a subsequence (ipn h )k>i satisfying 



(4.32) 



V^„ fc -»■ VV> weakly in L 2 (R N ), 

tpn k -+ i/> weakly in H l {B(0, R)) for all R > 0, 

V>n fe — ► V strongly in L p (B(0, R)) for i? > and p G [1, 2*) (p G [1, oo) if N = 2), 

■0n fc > if) a - e - on R^- 



By weak convergence we have 
(4.33) 



\Vil)\ 2 dx < liminf / |W> n J 2 dx. 



/ R IV fc^OO J R iV 

The a.e. convergence and Fatou's Lemma imply 



(4.34) 



Up (IV'I) ~~ r o) dx < liminf 

R JV fc^OO J R N 



< P 2 (\i'n k \)-ro) dx and 



(4.35) / V{\il:\ 2 )dx< liminf 

From ( |4.33D , ( |4.34[ ) and ( |4.35D we obtain 



fc— >oo V R iV 



F(|^. 



»* 



dx. 



(4.36) E GL {ip) < liminf E GL (tjj n J = a and S(^) < liminf E$ nk ) = E min (q). 

k— >oo k—>oo 

Similarly, for any e > we get 

(4.37) i^ flC0A) M < Ifauinf ^ B( ° A) (K) < limsup^^ (0A) (^J < e. 
The following holds. 

Lemma 4.11 Assume that N > 2 and assumptions (Al) and (A2) hold (but not that V > 
on [0, oo)J. Lei (7 n )n>l C £ be a sequence satisfying: 

(a) {EcL(7n))n>i is bounded and for any e > there are R e > and n £ G N suc/j i/iat 
Ef L \ B(0 ' R c\ ln )<eforn>n £ . 

(b) There exists 7 G £ such that 7„ — > 7 strongly in L 2 (B(0, R)) for any R > 0, and 
7 n — > 7 a.e. on R^ as n — > 00. 

Then || | 7n | - | 7 | || i2(R w) — ► and ||F(|7n| 2 ) - ^(It| 2 ) llii(R.~) — ^ as n 



00. 
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(4.38) 



Proof of Lemma J^.ll. Fix e > 0. Let R e and n e € N be as in assumption (a). Then 

1 



7n|) -^o||L2( R JV\ B ( 0ifle) ) 



< 



(^ 2 (l7n|)-r 2 ) 2 dx< " 






a*r, 



r o JR N \B(0,R e ) 
for n>n £ . It is clear that a similar estimate holds for 7. Let 

In = \ln\ ~ <p(hn\), 7 = M ~ ^CM). 

4 = {^R W |7n(«)| > 2r }, A = {3:eR w | 7 (x)| > 2r }, 

A E n = {xeR N \ B(0, R £ ) I | 7n (x)| > 2r }, 4 £ = {^R W \ S(0, fl £ ) | | 7 (a:)| > 2r }. 
We have 

9a 2 r*£ N (A e n ) < a 2 



{^\ ln \)-rlfd X <E^ B ^\ ln )<e 



ln N \B{0,R e ) 

and similarly 9a 2 r$£ N (A e ) < e. In the same way C N {A n ) < y^E GL (~f n ) and £ N (A) < 

Since < <pf < 1, it is easy to see that |V 7n | < |V 7n | a.e. and |V 7 | < |V 7 | a.e., hence 
(|V 7n |) n >i and V7 are bounded in L 2 (R N ). If N > 3, the Sobolev embedding implies that 
(7n)n>i is bounded in L 2 *(R N ), If N = 2, by (O) we get 



hence (7 n )n>i is bounded in LP(R, ) for any 2 < p < 00. Let p = 2* if N > 3 and let p > 2p$ + 2 
if N = 2. Using Holder's inequality (p > 2pQ + 2 > 2) we have 

(4.39) \\7n\\ 2 L 2(RN\ B(0tRE)) = / \^n\ 2 dx < WlnWlr^N^iAlf'v < C^P, 

where C\ does not depend on n. It is clear that a similar estimate holds for 7. 
In the same way, using (A2) and Holder's inequality (p > 2po + 2) we get 



J(R 



(4.40) 



\V(\ 7n \ 2 )\dx<C I 17, 

N \B(0,R s ))n{\ ln \>ir } J{R N \B(0,R £ ))n{\~/ n \>4r } 



|2p +2 



dx 



< C" J e | 7 n| 2po+2 dx < C"||7n||S° (R 2 , ) £ 7V (^) 1 - 21 ^ < C 2 e l ~ 
and (Al) implies 



2pp+2 
V 



(4.41) / \V{\ln\ 2 )\dx < C" / (^(| 7 n|) -r 2 Ydx < C 3 e, 

J (R N \B(0,R e ))n{h n \<4r } Jn N \B(Q,R s ) 

where the constants C2, C3 do not depend on n. The same estimates are obviously valid for 7. 



From (4.38) and (4.39) we get 



(4.42) 



\ln\ ~ \l\ llL2(R~\ J B(0, J R E ))<IIV : '(l7n|)-^o||L2( R iV\ jB ( 0ii?e )) + ||v7(|7|)-ro|| L 2( R iV\ jB ( 0ijRe )) 

2 /e 1— - 

+ \nn\\L2(RK\B(0,Re)) + \n\\L 2 (B. N \B(0,R s )) < Ufa + 2 Ci£ * . 



Using (4.40) and (4.41) we obtain 

L 



(4.43) 



*\B(0A) 



1 2p +2 
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It is obvious that 7 also satisfies (4.43). 

Since |7 n | = y(l7n|) +7n is bounded in L p (I?(0, R)) for any p G [2, 2*] if N > 3, respectively 
p G [2,oo) if N = 2, and j n — ► 7 in L 2 (B(0,R)) by assumption (b), using interpolation we 
infer that -y n — > 7 in L p (B(0,R)) for any p G [1,2*) (with 2* = 00 if N = 2). This implies 
that V(\"/ n \ 2 ) — > V(\-/\ 2 ) in L 1 (B(0,R)) (see, for instance, Theorem A2 p. 133 in @6]). Thus 



we have 



\ln\ ~ |7l IIl 2 (B(0,_R £ )) 



< e and 



large n. Together with inequalities (4.42) and (4.43), this implies || \^ n 

2pp+2 



\V(\ln 



v (\l\ )\\li(b(o,r s )) < £ for a11 sufficiently 



2JI 



+ 



2C l£ 1 -? +e and ||F(| 7 n| 2 ) - ^(ItPMlW) < 2C ^' 
large n. Since e is arbitrary, Lemma 4.11 follows. 



tI II^r^ < aro 

+ (2C 3 + l)e for all sufficiently 

n 



4.11 



From (4.31), (4.32) and Lemma 
Clearly, this implies \\ip 2 (\tjj nk \) - (p 2 (\ip\) 

We will use the following result: 



we obtain || \ip nk \ ~ IV'I IU^rA) — > as A; — > 00. 



L 2 (R N ) 



0. 



Lemma 4.12 Let N > 2 and assume that (■y n )n>i C £ is a sequence satisfying: 

(a) (EGL(ln))n>i is bounded and for any e > there are R £ > and n £ G N such that 



E. 



R"\B(0,R e ) 
GL 



(in) <eforn> n £ . 



(b) There exists 7 G £ such that Vj n — *■ V7 weakly in L 2 (R ), 7„ 
L 2 (B(0, R)) for any R > 0, and 7 n — > 7 a.e. on R w as n — > 00. 

Then Q{^ n ) — > Q{l) as n — > °o- 



7 strongly in 



(4.31), (4.32) and Lemma 



4.12 



We postp one the proof of Le mma 4.12 and we complete the proof of Theorem |4.9| From 



it follows that Q(V0 = li m Qi^u^) = Q- Then necessarily 

k— >oo 

we get E{ip) = E m i n (q), hence ip is a minimizer 



E(tp) > E min (q) = lim E(ij> nh ). From (4.36 

k— >oo 

of E under the constraint Q(ip) = q. Taking into account (|4.33), (4.35) and the fact that 



E(ipn k ) — > E(tfj), we infer that J RN (V^nJ 2 dx — > J Rjv |V?/>| 2 dx. Together with the weak 
convergence V"0n fc — ^ V^/> in L 2 (R N ), this gives the strong convergence ||Vi/> nfc — ^^\\l 2 (r n ) — ^ 
as k — > 00 and Theorem |4.9| is proved. 



□ 



Proof of Lemma J^.12. It follows from Lemma 4.1 and Lemma 4.4 (ii) that there is £0 > 
and there is Co > such that for any <f> G £ satisfying Egl{4>) < £ o we have 



(4.44) 



FixeG (0, f ; 



\Q{<f>)\ < CqEgUcP). 
Let R e and n £ be as in assumption (a). We will use the conformal transform. 



Let 



(4.45) v k (x) 



lk{x) 
7fc(ifU 



if \x\ > R £ , 
if \x\ < R £ , 



v{x) 



7(x) 



7 



kl 2 



if \x\ > i? e , 
if Ixl < -R e , 



(4.46) w k = 7k~Vk, w = j-v. 

It is obvious that Wfc, ^ G Hq(B(0,R £ )). A straightforward computation gives 



(4.47) 



B(0,R e ) 



|Vv fc | 2 dx 



R N \B(0,R e 



|V 7 fc(2/)|' 



i? 2 



2 \ N-2 



dy<l \V lk (y)\ 2 dy, 

IR N \B(0,R E ) 
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^ 2 {\v k \)-r 2 fdx = [ & 2 (hk(y)\)-r 2 ) 2 ( 

),Re) JH N \B{0,R S ) \ 

(4.48) 



R^ N 



1 dy 



< / {v 2 {\lk\)-rlfdy, 



so that Vk G £ and Eciivk) <2e < £q. Similarly v G £ and Eql{v) < 2e. From (4.44) we get 

(4.49) |<3(«fc)l < 2C* £ and |Q(«)| < 2C e. 

Since V7& — *■ V7 weakly in L 2 (R N ), a simple change of variables shows that for any fixed 
5 £ (0, R e ) we have Vv k ->■ Vu weakly in L 2 (B(0, R s ) \ B(0, 5)). On the other hand, 

/ \W k \ 2 dx=f \ Vlk{y )\ 2 (^-\ dy < [ \V lk (y)\ 2 dy 

JB(0,8) JR, n \B{0,^) \\y\ J J-R N \B(0,^) 

and sup / |V7fc(y)| dy — ► as 5 — )• by assumption (a). We conclude that 

k>l Jn N \B(o,^) 

(4.50) Vv k -»■ Vw weakly in L 2 (B(0, R £ )). 

Since 7^ — )• 7 in L 2 (B(0, R)) for any i? > 0, we have for any fixed 5 £ (0, i? e ), 



/ \ Vk - v \ 2 dx= hk(y) - 7{y)\ 2 ( 

JB(0,R e )\B(0,S) J B(0,^-)\B(0,Re) V 



R 2 ^ N 



, , <iy — > as k — > 00. 

I B(Q,R £ )\B(Q,S) ' J B(0,^-)\B(0,Re) ' ' V 1 2/ 1 , 

It is easy to see that there is p > 2 such that ((\v k \ — 2ro) + ) fc>1 is bounded in ^(R^). (If 
N > 3 this follows for p = 2* from the Sobolev embedding because ||Vi>fe||22fjjjv\ < EcL{v k ) < 
2e. If iV = 2, the fact that EcL(v k ) < 2e implies that £ 2 ({|t>fc| > 2ro}) and 1 1 Vi;^ ||z, 2 (Pi 2 ) are 
bounded and the conclusion follows from (|2.2[).) Using Holder's inequality we obtain 



/ (\v k \ - 2r )l dx < || (|«*| - 2r ) + ||| N {C N (B(0, S))) 1 * 
JB(0,S) \ j 

and the last quantity tends to zero as 5 — > uniformly with respect to k. This implies 
\v k \ dx — > as 5 — > uniformly with respect to k 



'5(0,5) 
and we conclude that 

(4.51) v k — >v mL 2 (B(0,R £ )). 



From the definition of w k and w, assumption (b), (4.50) and (4.51) it follows that 

(4.52) w k — > w strongly and Vw/» ^ Vw weakly in L (B(0,R £ )). 

We have 

\Q(lk) - 0(7)1 < \Q(v k ) - Q(v)\ + \H(i$%,w k ) - {ife,w))\ 
(4.53) 

+ \H(i^,v k ) ~ (i%,v))\ + \H(i^,w k ) - (i%,w))\. 
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From (4.49) we get \Q(vk) — Q(v)\ < 4Co£. Since w^ = and w = outside B(0,R £ ), using 



the definition of L we obtain 



• dv, 



L(m, Wk )-^M) 



B(0,R E ) 



dv 



dv,. 



m-mM+m, Wk -u)dx 



as A; 



oo 



because, in L 2 (B(0,R £ )), -^ — -^ — *■ weakly and Wk — w — > strongly. Similarly the last 
two terms in (4.53) tend to zero as k — > oo. Finally we get |Q(7fc) — Q(j)\ < (4Cq + l)e for 



all sufficiently large k. Since e G (0, ^ 



is arbitrary, the conclusion of Lemma 4.12 follows. □ 



Corollary 4.13 Assume that N > 2 and (Al), (A2) are satisfied. If (7 n )n>i C £ , 7 G £ are 



such that do("y n ,j) — > 0, then lim Q("f n ) = Q(l) and lim ||V(|7n 



V(h\ 2 )\\ 



Li(R^) 



0. 



n— >oo n— >oo 

In particular, Q and E are continuous junctionals on £ endowed with the semi-distance do. 
Proof. We have Vj n — > V7 and (|7„| — I7I) — > in L 2 (R N ) as n — > 00, hence |V7 n | 2 + 



« VP K\ln\ 



|V7| 2 +a 2 (^ 2 (|7|) — ^0) in-L 1 (R Ar ), and consequently ("f n )ri>i satisfies 



assumption (a) in Lemma |4.12| 

Consider a subsequence {j ni )i>i of (7n)n>l- Then there exist a subsequence {^ ni 
and 70 G £ that satisfy (4.32). Since V7 n£ — v V70 weakly in L 2 (R Ar ) and V^ r , 



int. 



)k>l 
V7 

in L 2 (R 7V ) we see that V70 = V7 a.e. on R^, hence there is a constant /3 G C such that 

70 1 in ^^(R^) gives |-y | = I7I a -e- on 



7o = 7 + /? a.e. on R . The convergence \j ne \ - 

H N . By the definition of Q it follows that Q(7o) = Q(7 + P) = Q{l)- Using Lemma 

we get Q("fn e ) — > Q("fo) = Q{l) as k — > 00 and Lemma 4.11 implies that V 

U(|7o| 2 ) = U(|7| 2 ) in L 1 (R Ar ) as k — > 00. Hence any subsequence (j ne )e>i of (7™ 

a subsequence (7™, )fc>i such that Q(rf nt .) — > Q(l) and ||U(|7„„ | 2 ) - U(|7| 2 )|| 



4.12 



n,. 



n >i contains 

□ 



which clearly implies the desired conclusion. 

Assume that for some q > there is ip £ £ such that Q(ip) = q and E(ip) = E m i n (q). Using 
Corollary 4.13, for any sequence (ip n )n>i C £ such that do(ip n ,ip) — > and for any sequence 
of points {x n ) n >i C K N we have Q(ip n (- + x n )) — > q and E(tp n (- + x n )) — ► E min (q). Hence 
the convergence result provided by Theorem 4.9 for minimizing (sub)sequences of E under the 
constraint Q = q cannot be improved. 



We denote by d E m i n (q) and d + E m i n (q) the left and right derivatives of E n 
(which exist and are finite for any q > because E m i n is concave). We have: 



at q > 



Proposition 4.14 Let N > 2 and q > 0. Assume that ip is a minimizer of E in the set 
{4>e£\ Q(4>) = q}. Then: 

(i) There is c G [d + E m i n (q) , d~ E m i n (q)] such that ip satisfies 



(4.54) 



ict/; xi + AiP + F(\iP\ 2 )iP = inV'(K N ) 



(ii) Any solution ip G £ of (4.54) satisfies ip G W 2 £(R N ) and S/ip G W^iR 1 *) for any 



p G [2,oo), tp and Vip are bounded and ip G C 1,a (R ) for any a G [0, 1). 

(in) After a translation, ip is axially symmetric with respect to the x\ — axis if N > 3. The 
same conclusion holds for N = 2 if we assume in addition that F is C 1 . 

(iv) For any q > qo there are ip + ,ip~ G £ such that Q(ip + ) = Q(ip~) = p, E{ip + ) = 
E{ip~) = E m i n (p) andip + ,ip~ satisfy (4-54) with speeds c + = d + E m i n (p) andc~ = d~E m i n (p), 
respectively. 
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Proof, (i) It is easy to see that Aif; + F(\ip\ 2 )ip G iI _1 (R JV ), ^ G L 2 (R W ) and for any 
G ^(R^) we have V + 4> G 5, lim -(Q(V> + *<£) -QW) = 2(«V*i ^)xJ(r») and 



(4.55) 



lim-(W + ^)-W)) 



2 / (V^,V0}-.F(M 2 )(^>dx 

-2(AV + F(|^| 2 )^, 0)^l(RiV),//l(RiV). 



Denote E'(V>).0 = -2(A^ + i ? (|^| 2 )V',0)^-i(RiV),Hi(R^) and <W)-0 = 2(^ 1 ,0)l2(r^)- We 
have #(?/> + t<p) > E m i n (Q(ip + tcfi)), hence for all t > 



(4.56) 



-(£(V + ty) - £?(V>)) > -(E min (Q(^ + i</>)) - £Un(g)). 



If Q'(ip).(f) > 0, we have Q(tp + £(/>) > Q(V') = q tor t > and £ close to 0, then passing to 



the limit as t i in (4.56) we get E'(ip).(j) > d + E min {q)Q'{il)).(t>. If Q'(ip).c/> < 0, we have 



Q(ip + t(p) < Q(ip) = q for t close to and t > 0, then passing to the limit as 1 1 in (4.56) we 
get E'(ip).(f) > d~ E m i n (q)Q' (tp) .eft. Putting —<p instead of </> in the above, we discover 



(4.57) 



d+E mi/n {q)Q'^)4 < &W)4 < d-E mm {q)Q'^).<j ) if Q'{^)4 > 0, and 

d-E min (q)Q'(iP). ( f ) < E'{$)4 < d + E min (q)Q'(iP). ( f ) if Q'{^)4 < 0. 



Let 0o G C™(R N ) be such that Q'(ip).(j)o = 0. Consider 4> G C™(R N ) such that Q'(V0-</> + 
0. Such a exists for otherwise, we would have = Q'(ip).(j) = 2{iip Xl ,<f>}L 2 CR N ) f° r an y 
<p G C£°(R ), yielding ^ X1 = 0, hence Q(^) = / g. From (4.57) and the fact that for any 
nGN, Q'(VO-(0 + ™/>o) = Q' (V0- 0)> it follows that E' {$) .{$ + nfo) = E' (ip) .0 + nE' (ip) .fa is 
bounded, thus necessarily E'(ip).ipo = 0. 

Take </>i G ^(R^) such that Q'{^)4i = 1. Let c = E'^.fa. Using fl4.57| ) we obtain 
c G [d+£ mm (g),cT£ mm ((/)]. For any G ^(R^) we have Q'(V>).(<£ - (Q'(VO-^i) = 0, 
hence E'(ip).(4> - (Q'(V>)-</>)<M = 0, that is E'(ip)4 = cQ'{ip).<j) and this is precisely (|4.54[). 



(ii) If iV > 3 this is Lemma 5.5 in |43j . If iV = 2 the proof is very similar and we omit it. 

(iii) If N > 3, the axial symmetry follows from the fact that the minimizers are C 1 and 
from Theorem 2' p. 329 in [32]. We use an argument of O. Lopes [30] to give a proof which 
requires F to be C 1 , but works also for N = 2. Let Sf and 5 t ~ be as in (4.10) and (4.11), 
respectively. Proceeding as in the proof of Lemma 
Q(S^~ift) = q. This implies E(S^~ip) > E m i n {q) and E(S^~ip) > E, 



(ii), we find t G R such that Q(S^i!j) = 
i(q). On the other hand 
£(S+V0 + E{Sti)) = 2E(il>) = 2E mm (q), thus necessarily E(Stf) =E{STJ>) = E min {q) and 
Sfijj and S^ijj are also minimizers. Then Sfijj and S^ip satisfy (4.54) (with some coefficients 
c+ and c_ instead of c) and have the regularity properties given by (ii). Since Sftp = ip 
on {xjv > t} and SjTip = ip on {:ejv < £}, we infer that necessarily c + = C- = c. Let 

0o(^) = e^~ip(x), 4>i{x) = e~^~ S~[ ip(x), (p2(x) = e~^~ Sfip(x). Then 0o, <^>i and (f>2 are 
bounded, belong to W l( £(R N ) for any p G [2, oo) and solve the equation 



A0 + 



+ F 







inR 



TV 



Since F is C 1 and (j>o, 4>i are bounded, the function w = 4>i — <Po satisfies an equation 

Aw + A(x)w = inR N , 

where A(x) is a 2 x 2 matrix and A G ^(R^). Since w G Hf oc (R N ) and w = in {xat > t}, 
the Unique Continuation Theorem (see, for instance, the appendix of [40j) implies that w = 
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on R , that is S^ip = ifi on R . We have thus proved that rp is symmetric with respect to the 
hyperplane {xn = t}. Similarly we prove that for any e G S orthogonal to e\ = (1,0,..., 0) 
there is t e G R such that ip is symmetric with respect to the hyperplane {x G H N \ x.e = t e }. 
Then it is easy to see that after a translation ip is symmetric with respect to Ox\. 



min\Q) 

as 



iv) Consider a sequence q n f q- We may assume q n > go for each n. By Theorem 4.9 there 
is ip n G £ such that Q(ip n ) = Qn — ► Q and E(^ n ) = E min (q n ) — > E min (q) by continuity of 
E m in- Using Theorem |4.9| again, since E m i n (q) < v s q, we infer that there are a subsequence 
C0n fe )fe>i> a sequence (xk)k>i C H N and ijj~ G £ such that Q(ip~) = q, E{ip~) = E. 
and, denoting tp nk = V>n fe (- + x n ), we have ip nk — > ip~ a.e. on R^ and do(V>n fc , V>~) 
k — > oo. 

From (i) we know that each ip nh satisfies (4.54) for some c nk G [d + E m i n (q nk ) , d~ E. 
Since E m i n is concave, we have c 
and F{\ip nk \ 2 )$ nk —>F(\il> 

□ 



i(q) as k 



limit as k — > oo we infer that ip satisfies (4.54) with c = d E, 



min\qn k )\' 

oo. It is easily seen that ip nk — > ip~ 



2 )tp~ in V(R N ). Writing (4.54) for each ip nk and passing to the 



The same argument for a sequence q n I q gives the existence of V> 



If F satisfies assumption (A4) in the Introduction with r/0, where T is as in (1.4), we 
prove that in space dimension N = 2 we have qo = 0. This implies that we can minimize E 
under the constraint Q = q for any q > 0. The traveling waves obtained in this way have small 
energy and a speed tending to v s as q — > 0. For the two-dimensional Gross-Pitaevskii equation, 
the numerical and formal study in [H] suggests that these traveling waves are rarefaction pulses 
asymptotically described by the ground states of the Kadomtsev-Petviashvili I (KP-I) equation. 
A similar result is true in higher dimensions: in view of Proposition |1.4| we have go > for 
any N > 3. Moreover, for N = 3 and for the Gross-Pitaevskii nonlinearity, the traveling waves 
with speed close to v s are expected to have high energy and to lie on the upper branch in figure 
0(b). 

Theorem 4.15 Suppose that N = 2 and assumption (A4) in the Introduction holds with 
r/0. Then E m i n (q) < v s q for any q > 0. In other words, qo = 0. 

Remark 4.16 If N = 2, V > and (Al), (A2) and (A4) hold with T / 0, it follows from 
and |4.9| that for any q > there is ip q G £ such that Q(ip q ) = q and E{ip p ) = 
(i) implies that i\) q is a traveling wave of (1.1) of speed c(ip q ) G 

0. In 



4.15 



4.14 



Theorems 

E min (q). Proposition _ 

[d + E m i n (q), d~ E m i n (q)]. Using Lemmas 4.5 and 4.6 we infer that c(ip q ) — > v s as q 

particular, we see that there are traveling waves of arbitrarily small energy whose speeds are 

arbitrarily close to v s . 

In view of the formal asymptotics given in [31], it is natural to try to prove Theorem 



4.15 by using test functions constructed from an ansatz related to the (KP-I) equation. The 



rigorous convergence, up to rescaling and renormalization, of the traveling waves of ( 1.1 ) in the 



transonic limit to the ground states of the (KP-I) equation has been proven in [6] in the case 
of the two-dimensional Gross-Pitaevskii equation. In space dimension two, we generalize this 
result in [T6] to a general nonlinearity satisfying (Al), (A2) and (A4) with T ^ 0. Furthermore, 
if A^ = 3 we also justify rigorously the convergence of the traveling waves constructed in |43j to 
the ground states of the three-dimensional (KP-I) equation if F verifies (Al), (A2) and (A4) 
with r / 0. This last result proves the existence of traveling waves on the upper branch in 
figure [T](b). 



Proof of Theorem 4-15. Fix 7 > (to be chosen later). We consider the (KP-I) equation 



(4.58) 



ut - 'juux + -^u xxx - d x 1 u yy = 0, t G R, (x, y) G R 2 , 
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where u is real- valued. Let Y be the completion of {d x (j) \ <fi G C£°(R 2 ,R)} for the norm 
|d x 0||y = ||9 X ^||| 2 ( R 2) + ^||9 y (/)||^2( R 2) + Wdxx^Wli^y A traveling wave for (4.58) moving 



with velocity -j is a solution of the form u(t,x,y) = v(x — ij,y), where t)£7. The traveling 
wave profile u solves the equation 



1 



r v x + jv v x 



1 



2 ^xxx "r C^ fyy 







or equivalently, after integrating in x, 

(4.59) -zv + Jv 2 - -jUxx + d* 2 %/ = 

vj 2 vj yy 

It is a critical point of the functional (called the action) 
y(v)= / -ttM 2 + ^rM 2 + |3" 1 f v | 2 dxdy+ - / v 3 dx 

7r2 uj vj 3 y R2 



inR 2 



inR 2 



dy 



^IMIy+« 



u dxdy. 



R 2 



Equation (4.59) is indeed nonlinear if 7 ^ 0. The existence of a nontrivial traveling wave 



solution it; for (KP-I) follows from Theorem 3.1 p. 217 in [19J. The solution found in |19j 

minimizes || • \\y in the set {v € Y \ I v dxdy = w dxdy}. It was also proved (see 

Jr. 2 Jr 2 

Theorem 4.1 p. 227 in [19J) that w E #°°(R 2 ) := n m6N # m (R 2 ), d^Wy G tf°°(R 2 ) and w 

minimizes the action y among all nontrivial solutions of ( 4.59[ ) (that is, w is a ground state). 

Moreover, w satisfies the following integral identities: 

1 7.I 

-^w 2 + -w 3 + -^\d x w\ 2 + \d~ 1 w v \ 2 dxdy = 0, 
R 2 vj 2 vj 



(4.60) 



tW H — w 



T„„3 1 



R 2 ^s 



R 2 V 2 



d^] 2 + Sld^Wyl 2 dx dy = 0, 



w 



7 1 

+ ^w 3 H — d&cH 2 — Ic^uU 2 dxdy = 0. 



The first identity is obtained by multiplying (4.59) by w and integrating, while the two other 



are Pohozaev identities associated to the scalings in x, respectively in y. They are formally 
obtained by multiplying (4.59) by xw, respectively by yd~ l w y and integrating by parts; see 



the proof of Theorem 1.1 p. 214 in |19j for a rigorous justification. 



Comparing 5?(w) to the last equality in (4.60) we get 



(4.61) 



\d x l w y \ 2 dxdy = -5?(w). 
R 2 2 



In particular, 5^{w) > 0. Then from the three identities (4.60) we obtain 

2 



(4.62) -=■ / \w\ 2 dxdy = -J?(w), 
vj Jr. 2 2 



1 
v 2 Jn2 



\w x \ dxdy = y(w), 



R 2 



w dxdy = —y(w). 



Let w be as above and let <fi = v s d x 1 w, so that d x (f> = v s w. For e > small we define 

p £ (x,y) = r (l + e 2 w{ex,e 2 y)), 9 £ (x,y) = e<p(ex,e 2 y), U e = p e e~ %6s . 

Then U e E 8 (because w £ i7°°(R 2 )). A straightforward computation and (4.61), (4.62) give 



R 2 



dp £ 



dx 



dxdy = e r 



R 2 



dw 



dx 



dxdy = e r v s y(w), 
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R-' 



dp £ 



Oy 



dxdy = e r 



R2 



dw 



Oy 



dxdy, 



R2 

er, 



A 



oe F 



Ox 



dxdy = er / (l + £iu) \(j> x \ dxdy 
J-R 2 



■ 2 v 2 I (1 + e 2 w) 2 w 2 dxdy 

JR 2 



3 12 f 

-r\v\y {w)e r\v 2 Sf{w)e 3 + £ 5 r 2 v 2 / w 4 dxdy, 

2 7 Jr2 



^ 



a^ 



dxdy = e r, 



Jr 2 



1 + g^w) 



'dxdy 



^ r o v ^ (l + e 2 w) 2 \d~ 1 w y \ 2 dxdy 

2 

-r 2 v 2 r y(w)e 3 + 2e 5 r 2 .v 2 / w\d~ 1 w y \ 2 dxdy + e 7 ^ 2 / io 2 |5~ 1 iOj / | 2 da;dy. 

2 " JR2 JR2 



Using (2.7) we get 

Q(U E )= [ (p 2 -r 2 )-^dxdy = er 2 I (2w + £ 2 w 2 )<t> x dxdy 

JR2 OX J R 2 



(4.63) 



er o t, s / ( 2u; + e w )wdxdy = 2>r v s 5 fi {w)e r v s y(w)e 



R2 



If (A4) holds we have the expansion 



(4.64) 



V{s) = a\s - 4Y - -F"(rt)(s - r^ + H(s) 



where |-ff(s)| < C(s — Tq) 4 for s close to Tq. Using (4.64) and the fact that w G L P (R?) for any 
p G [2, oo], for small e we may expand V(p e ) and integrate to get 

/ V(p 2 )dxdy = 4ea 2 r 2 I w 2 dxdy + e 3 ( 4a 2 r% - ^F"(rl)r%) [ w 3 dxdy + 0(e 5 ) 
J-r? Jn? \ 3 / jr 2 

= \r 2 v\y{w)e - | (r 2 ,^ 2 - §F"(rg)rg) ^(w)e 3 + 0(g 5 ). 
From the previous computations we find 

(4.65) 



E{U £ ) - v s Q(U £ ) = r 2 v 2 s y(w) ( ^ - — ) e 3 + 0(g 5 ), 



3 2r\ 

2 ~Ty 



where T is defined in (|l.4|). If V ^ 0, choose 7 G R such that | — ^- < (take, for instance, 



7 = r). Let wbea ground state of (4.59) for this choice of 7. It follows from (4.65) that 
there is £0 > such that E(U £ ) — v s Q(U e ) < for any g G (0, go) (since ^(u;) > 0). On the 
other hand, using ( 4.63| ) we infer that there is e\ < £q such that the mapping g 1 — > Q(U £ ) is a 
homeomorphism from (0, £\) to an interval (0, q\). Since E m i n (Q(U £ )) < E(U £ ) < v s Q(U £ ), we 
see that E m i n (q) < v s q for any q G (0, q\). Then the concavity of E m i n implies E m i n (q) < v s q 
for any q > 0. □ 



We pursue with some qualitative properties of E m i n for large q. Theorem 4.17 (a) below 
implies that the speeds of traveling waves obtained from Theorem 4.9 tend to as q — > 00. 



Theorem 4.17 

N-2 

(a) If (Al) holds and N > 2, there is C > such that E m i n (q) < Cq N ~ l \n.q for large q. 

(b) If N > 2, (Al) and (A2) hold and V > 0, we have lim E m i n (q) = 00. Moreover, if 

q—>oo 
N-2 

N > 3 there is C > such that E min (q) > Cq N ~ l . 
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Proof, (a) Using Lemma 4.4 in [43] (with e = 1) we see that there is a continuous mapping 
R i — > v R from [2, oo) to H (R ) and constants C; > 0, i = 1, 2, 3, such that 



(4.66) 



7V-2- 



\Vv R \ z dx< C 1 Br- i \a.R, 



n N 



n N 



V(\r -v R \ 2 )dx 



<C 2 R 



N-2 



(4.67) 
Let q R 



C 3 (R-2) lv ^<Q(r -v R )<C 3 R 



N-l 



Q(ro — v R ). The set {q R \ R > 2} is an inte rval o f the form [g*,oo). By (4.67) we 



haveC 3 Ar " 1 ^- 1 



E„ 



< R < 2 + C 3 1 q R 1 . Then using (|4.66|) we get for R sufficiently large 
M < E(r - v R ) < dR N - 2 



] \nR + C 2 R N ~ 2 <Cq 



N-2 
N-l 

R 



hi<?R. 



(b) As in the proof of Lemma 4.7 
any q 2 > qi > 0. This is the second statement of\ 

N>3. 

Let N = 



ii), using (4.9) we get E min (q 2 ) > 



and this implies lim E n 



E m in(qi) for 
n (q) = oo for 



We argue by contradiction and assume that lim E mm y 

q— >oo 



4.9 



(q) is finite. Using 

for q sufficiently large, we may choose ip q S £ such that Q(ipq) = q and E(^ q ) = 

it follows that Eql {^qn ) is bounded 

— > «o > 0. 



Theorem 

E m in(q)- Consider a sequence q 



oo. 



From Lemma 



4.8 



and stays away from 0. Passing to a subsequence we may assume that EQi,(ip q 



Let A n (t) be the concentration function associated to -EgzXVvJ ( as ^ n (4-15)). Arguing as in 
the proof of Theorem 4.9 and passing to a subsequence (still denoted (q n )n>i), we see that 
there exist a nondecreasing function A : [0, oo) — > R, a S [0, ao] and a sequence t n - 



x 



satisfying (4.16) and (4.18). Then we use Lemma 4.10 to infer that a > 0. 



If a G (0,«o)) proceeding as in the proof of Theorem 4.9 and using Lemma 3.3 for i/) qn 
we see that there exist functions ip n ,i^n,2 £ £ such that (4.28) — (4.30) hold. Passing to 
a subsequence if necessary, we may assume that E(ijj n ^ 
lim EaL^n^i) > 0, it follows from Lemma 



m; > as n 



71— ^OO 

m\ +m 2 



4.1 



oo. Since 
that mi > 0, % = 1, 2. Using (|4.29|) we see that 

(q). Since Q{ip q , 



oo, from (4.30) 



lim E m i n (q), hence < ?rij < lim E. 

q— >oo * q— >oo 

it follows that at least one of the sequences (Q(ip n ,i))n>i contains a subsequence {Q{4>n k ,i))k>i 
that tends to oo. Then E(ifj nk ^) > E m i n (Q(ip nk) i)) and passing to the limit as k — > oo we 
find rrii > lim E m i n (q), a contradiction. Thus we cannot have a S (0,«o)- 

q— >oo 

We conclude that necessarily a = ao. Proceeding again as in the proof of Theorem 4.9 
we infer that there is a sequence (x n ) n >i C R w such that z/ v = ^ > a „ {• + x n ) satisfies (4.31). 
Then there is a subsequence (ipn k )k>i and ip G £ such that (4.32) holds. Using Lemma 
we infer that Q(tp nk ) — > Q(ip) £ R and this is in contradiction with Q(tp nk 
Thus necessarily E m i n (q) — > oo as q — > oo. 

An alternative proof of the fact that E m i n (q) — > oo as q — > oo is to show that for ip £ £ 
we may write (iil) Xl ,ip) = f + g, where g G y and / is bounded in L 1 (R Ar ) if Egl{^) is 



4.12 



Qn k 



oo. 

□ 



bounded, then to use Lemma 4.8 to infer that Q(ip) remains bounded if E(ip) is bounded. 



From Theorem 4.17 and Lemma |4.1| we obtain the following 



Corollary 4.18 For all M > 0, the functional Q is bounded on the set {ip £ £ \ Egl{^) < M}. 
If (Al), (A2) hold and V > on [0, oo), then Q is also bounded on {tp £ £ \ E(tp) < M}. 



Let 



AW 



R N 



N 

E 



dtp 



2 dx 3 



dx, 



E c ^) = E{$) - cQW), PM) = E c (ip) 



N-l 



Aty). 



3N 



It follows from Proposition 4.1 p. 1091 in [32] that any finite-energy traveling wave ip of speed 



c of (1.1) satisfies the Pohozaev identity P c (ip) = 0. Denote 

(4.68) C c = {ip £ £ | ip is not constant and P c (ip) = 0} and T c = inf{-E c (^) | ip £ C c }- 

If N > 3, (Al) and (A2) are satisfied and c G (0,t> s ), it has been proved in [13] that T c > 
and that there are minimizers of E c in C c . Moreover, any such minimizer is a traveling wave of 



speed c for ( 1.1 ) if N > 4, respectively after rescaling in {x-i-, #3) if iV = 3, hence there are finite 
energy traveling waves moving with any subsonic speed. It would be interesting to establish 
a relationship between the solutions found in [43] and those found in the present paper. We 
have the following result in this direction. 

Proposition 4.19 Assume that N > 3, (Al) and (A2) hold and V > on [0, 00). Then: 

(i) T c > E min (q) - cq for any q > and c £ (0, v s ). 

(ii) T c — > 00 as c — > 0. 

(Hi) Let ip £ £ be a minimizer of E under the constraint Q = q* > 0. Assume that 
ip satisfies an Euler- Lagrange equation E'(ip) = cQ'(ip) for some c £ (0, v s ). Then ip is a 
minimizer of E c in C c . 

Proof. For V G £ denote B c (ip) = J RJV 1 1^| 2 dx - cQ(ip) + J Rjv V(\ip\ 2 ) dx. Then E c (ip) = 
A(iP) + B c ty) = Th A ^) + P M) ^d P c ty) = ^A^) + B c {$). 

i) Consider first the case A^ > 4. Fix ip S C c . It is clear from its definition that A(ip) > 0, 
hence B c {ip) = P c (ip) - g=| A{ip) = -^A{ip) < 0. Since V > by hypothesis, it follows that 

c Q(iP) = J RN V{\ip\ 2 ) dx + j RN |g-| 2 dx - B c (ip) > 0, hence Q(ip) > since c> 0. Therefore, 
the function a 1 — > E c (ipi i(T ) = a 3 A(tp) + a B c (ip) achieves its maximum at a = 1. Fix 
g > 0. Since Q(ipi >ff ) = a N ~ 1 Q(tp), there is a q > such that Q(ipi :(7q ) = <Z- We have obviously 
E(ip 1>aq ) > E min (q) and 

4m(?) " ^ < S(^i, ff J - cQ(^i,aJ = E c (ip 1:<Tq ) < E c (iPi A ) = E c {iP). 

Taking the infimum as ip £ C c , then the supremum as q > in the above inequality we get 

sup(E min (q) - cq) < T c . 
<?>0 

Now consider the case iV = 3. Let ip £ C c . Then P c (ip) = B c {ip) = 0, Q{ip) > and 
B c {ipi )(J ) = A(ip) + a 2 B c (tp) = A(tp) for any a > 0. Fix q > 0. Since Q(ipi, a ) = o- 2 Q(ip), there 
is o q > such that Q{ipi. aq ) = q and this implies E(ipi i<Tq ) > E m i n (q). We have 

Emin(q) ~cq< E{^ q ) - cQ(Vi, CT J = £ c (</vJ = A(^) = E e (i/> 1A ) = E c {iP). 

Since this is true for any ip £ C c and any q > 0, we conclude again that sup(S m j„((7) — cq) < T c . 

<?>o 

(ii) Fix q > i. We have E min (q) - cq > E min (q) - 1 for any c e (0, |). Using (i) we get 

T c > E min (q) - cq> E min (q) - 1 for any c £ (0, -). 

<7 



Since E m i n (q) — s- 00 as q — > 00 by Theorem 4.17 (b), the conclusion follows. 

(iii) We know that ip is a traveling wave of speed c and by Proposition 4.1 p. 1091 in 
we have P c (ip) = 0, that is ip £ C c . Using (i) we obtain 

(4.69) E c (iP) >T C > sup(E min (q) - cq). 

q>0 

On the other hand, we have 

E c (ip) = E(ip) - cQ(ip) = E min (q*) - cq*. 



Therefore all inequalities in (4.69) have to be equalities. We infer that ip minimizes E c in C, 



CI 



T c = E m i n (q*) — cq* and the function q 1 — > E m i n (q) — cq achieves its maximum at q*. □ 
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5 Another constrained minimization approach 

Although in many important physical applications the nonlinear potential V may achieve 
negative values (this happens, for instance, for the cubic-quintic NLS), there are no results 



in the literature that imply the existence of finite energy traveling waves for (1.1) in space 
dimension N = 2 for this kind of nonlinearity. We develop here a method that also works if 
N = 2 and V takes negative values. Let us emphasize that the method of |43j (N > 3) has no 
sign assumption on the potential V hence works for the cubic-quintic NLS. Throughout this 
section we assume that (Al) and (A2) are satisfied. 
We begin with a refinement of Lemma |4.4[ 

Lemma 5.1 Assume that \c\ < v s and let e G (0, 1 — — ). There is k > such that for any 
ip G £ satisfying f RN \Vu\ 2 dx < k we have 

E(il>)-eE GL (if>)>\cQU>)\. 



4.1 



that there is 



Id 
Proof. Fix e\ > such that e + £\ < 1 — - 1 . It follows from Lemma 

k\ > such that 

(5.1) (1 - £i)E GL (ip) < E(i/>) for any i\) G £ satisfying / \Vtp\ 2 dx < k t . 

Let F(s) = 2a 2 (r 2 - <p 2 (y/s))Lp(y/s)<p'(y/s)±. Then F(s) = 2a 2 (r 2 - s) for s G [0,4r$ and 



F satisfies (Al) and (A2). Let V(s) = JJ° F(t) dr = a 2 (<p 2 (y/s) - rg) . Using Lemma 4.4 (ii 

2 



with F and V instead of F and V we infer that there is k G (0, -4-) such that for any ip G £ 



with Eql(i{)) < Ik we have 

(5.2) (l-e-s 1 )E GL (iP)>\cQ(iP)\. 

Let ip G £ be such that J RN | V^l 2 dx < k. 



If a 2 J RN (f 2 (\^\) 2 -rlf dx<k we have E GL (ip) < 2k and t>/2\ holds. Then using J5jJ) 



we obtain E{ip) - eE GL {ip) > (1 - e - £i)E GL (ip) > \cQ(ip)\. 

If a 2 J RN (^(IV'I) 2 -r 2 ) 2 dx > fc, let a = {f RN |Wf dxp (a 2 f RN ( V 2 M) 2 - r 2 f dxf\ 
Then a G (0, 1) and 

a 2 [ (9? 2 (|W, CT |) 2 - r 2 ) 2 dx = f \V^\ 2 alx = \e gl {^ ) = a N ~ 2 [ |W| 2 dx < k. 
Jr n Jr n 2 J RN 



Using J5JT|) and ^ we get £7(^) > (1 - ei)E GL (if>) and (1 - e - £i)£ G l(Vw) > |cQ(W, CT )|- 
Then we have 

E(i>) - eE GL (rP) - \cQ(iP)\ > (1 - e - e x )E GL {iP) - \cQty)\ 

>(l-s-£i)(^^f \Vi/j^\ 2 dx + ^ [ ( V 2 (\iP \) 2 - r 2 ) 2 dx) - ^^IcQW ffi(r )| 



1 — e — £i / 1 1 \ „ . , . 1 — e — ei „ 

> 2"^ ( ^2 + ^V ) feGM " ^ ^ I^) > 0. 



□ 



Let I{i>) = -Qty) + J RN V{\i>\ 2 ) dx = E{$) - Q(iP) - J RN | V^| 2 dx. 
We will minimize I{ip) under the constraint \\Vip\\ L 2^N\= constant. For any k > we define 

I min (fe) = inf {/(VO I ^ G £, ! \ViP\ 2 dx = kj. 
The next Lemmas establish the basic properties of the function I m %n- 
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Lemma 5.2 (i) For any k > we have I m in{k) < — ik. 

^ 's 

(ii) For any 5 > there is k(5) > such that I m in(k) > —^fk for any k S (0, k{5)). 



Proof, i) Let N > 3. Let q = 2kv$ 3 . In the proof of Lemma 4.5 we have constructed a 
sequence (ip n )n>l C £ such that 

Q(i>n) = q 1 / |VV>n| 2 cte — >• -v s q, / y(|^„| 2 )da; — >• -v s q 

J R N 2 J R N 2 



and V>n is constant outside a large ball. Let <r n = k N ~ 2 (J" r jv |V^n| 2 ^) w_2 • Then <7 n 
as n — > oo. We get 

\V((^n)a n ,* n )\ 2 dx = a%- 2 [ \Vi; n \ 2 dx = k, 






/ V{\{i> n ) an>an \ 2 )dx = o-% I V{\^ n \ 2 )dx 



1 u s g fc 



We have I m in{k) < ^((V , n)o- n ,o- n ) for each n and passing to the limit as n — )• oo we obtain 

lmin\k) S ~77lk. 

u s 

If N = 2, let g = — , choose ^ n as in the proof of Lemma 



4.5 



such that 

2\ 



/ |V^ n | 2 <ix = k, Q{i> n ) — >Q = — and / V(\ip n \ z )dx — > k. 

JR. 2 V s J R 2 

Let a = i. Then / R2 |V((^nW)| 2 das = fc, Q((Vv»W) = ^Q(^n) — >■ f| and 
/RaVCK^nWI 2 ) ^ = a 2 / R2 y(|^ n | 2 ) dx — ► £, hence I((^ n )a,«r) - v ! 



vi ' 



ip E £ with J" RJV | VV>| 2 dx < k we have 



(ii) Fix (5 > and let c = /^-? - Lemma 5.1 implies that there is k > such that for any 



(5.3) / | Wr <fc - cQ(V>) + / F(M)da;>0. 

./r^ Jr 2 

Let V G £ be such that / r jv|V^| 2 dx < ^b . Then / Rjv \Vip c , c \ 2 <ix = c^" 2 J Rjv |V^| 2 dx < fc, 



hence tp c>c satisfies (5.3), that is c N 2 J RJV |VV>| 2 dx + c N I(tfj) > or equivalently 



I(il>)>-\ I \V^\ 2 dx = - 1 ^ 6 - f \V^\ 2 dx. 

Hence (ii) holds with k(S) = -tt=2- □ 

We give now global properties of I m in ■ 

Lemma 5.3 The function I m in has the following properties: 



(i) Imin is concave, decreasing on [0, oo) and lim mi ? - = — oo. 

fc— >-oo 

(ii) I min is subadditive, that is I m in{k\ + k 2 ) < I m in(ki) + I m in(k 2 ) for any h,k 2 > 0. 



(Hi) If either N > 3 or (N = 2 and V > on [0, oo)), we have I m in(k) > — oo for any 
k>0. 

(iv) If (N = 2 and inf V < 0), then I m in(k) = — oo for all sufficiently large k. 

(v) Assume that N = 2 and (A4) holds with f/0. Then I m i n (k) < — jk for any k > 0. 
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Proof, i) We prove that for any k > 0, 



(5.4) 



Imin(k) > limSUp J m m(/l). 

h\.k 



Fix ifi E £ such that J* R]V |V^| 2 dx = fe. At least one of the mappings t i — )• J* RJV |VV>*,i| 2 cfe, 
£ i — > J* Rjv |VV>i,t| 2 dx or t i — ► J Rjv \Vipt,i\ 2 dx is (strictly) increasing on [l,oo). Let ip l be 
either ip t ,t or ^1,4 or ^t,i> in such a way that 1 1 — )• J RJV | \7-0* | 2 dx is continuous and increasing 
on [0, oo). It is easy to see that I(V>*) — > I(i>) as t — > 1. Let (k n ) n >i be a sequence satisfying 
k n I k. There is a sequence t n ! 1 such that J" RJV jVV'*"! 2 ^ = fe n . For each n we have 
Imin{k n ) < I(ip tn ) and passing to the limit as n — >• oo we find limsup/ m j n (/c n ) < I(ip). Since 



this is true for any sequence k n i fc and any ip £ £ satisfying J RJV |V?/>| 2 dx = k, (5.4) follows. 
Proceeding exactly as in the proof of Lemma 4.7 (see the proof of (4.12) there) we find 



(5.5) 



1 2 J > ^{Imin(kl) + Iminifa)) 



for any ki, hi > 0. 



Let < k\ < k 2 . Using (5.5) and a straightforward induction we find 

(5.6) Imin(ah + (1 - a)k 2 ) > al min (ki) + (1 - a)I min (k 2 ) for any a E [0, 1] n Q. 

Let a E (0, 1). Consider a sequence (a n )n>i C [0, ljflQ such that a n f a. Using (15.41) and 



(5.6) we get 

Imin{aki + (1 - a)fc 2 ) > limsup/ m j n (a n A;i + (1 - a n )k 2 ) 

n— >oo 

> limsup (a n I m i n (ki) + (1 - a n )I m in(k 2 )) = al m in(ki) + (1 - a)J m m(&2)- 



Thus J m j n is concave on [0,oo). Since I TO j n (0) = 0, by Lemma 5.2, J m j n is continuous at and 



negative on an interval (0,5) and we infer that I m in is negative and decreasing on (0, oo). 

The concavity of I m in implies that the function k i — > ""^ i s nonincreasing on (0,oo). 
Using Lemma 4.4 in (33] (with R = n and e = 1) we find a sequence (V>n)n>3 C £ such that 



fc»:= /" |V^n| 2 (ix> ^-n N - 2 lan, i V(\ij n \ 2 )dx 

JR.N t>l 7R^ 



<C 2 n 



JV-2 



and Q(^n) > C3™ 



AT-l 



where C*i, C 2 , C3 > do not depend on n. Then lim mi 2 - < lim -v 



fc— >oo 






-00. 



(ii) By concavity we have I m in(ki) > k A Imin(k\ + fc 2 ), £ = 1,2, and the subadditivity 
follows. 

(iii) Consider first the case iV > 3. Fix k > 0. Argue by contradiction and assume that 
there is a sequence (ip n )n>i C £ such that J* R]V |V?/> n | 2 dx = k and 



(5.7) 



^n) = -Wn)+ / U(|Vnr)dx 



-00 



as n 



00. 



Let c = %. By Lemma 



5.1 



there exists k 2 > such that 



^2 



< 



.JV-2 



ip <E £ with J* R]V (V^) 2 dx < A; 2 . Let a — n, 2 
hence ip n satisfies (15.31) , that is 



1 

N-2 



and (5.3) holds for any 



k n-2 < ^. Then / RJV |V((^n) CT , CT | 2 dx = fe 2 , 



(5.8) 



I V^„| 2 Ac " <r-£Q(J>n) + <y \ V{\^nV) dx > 0. 
tl n z Jn N 
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Prom (5.7) and (5.8) we get 

-/ \V^ n \ 2 dx + (a^- - a 2 ) I F(|^ n | 2 )dx-^-oo, 

J R N \ 2 J J R N 

which implies J* RJV FdV'nl 2 ) dx — > — oo as n — > oo. Since J* R]V |V-0n| 2 dx = k, this contradicts 
the first inequality in (14. ll). 



Next assume that N = 2 and V > on [0, oo). Fix k > 0. By Corollary 4.18 there is 



% > such that |(3(V0I < % for any ip £ 8 satisfying E(ip) < k + 1. Let V S £ be such 
that J R2 \Vip\ 2 dx = k. If J* R2 ^(l^l 2 ) ^ = we infer that \ip\ = tq a.e. on R 2 and then 

(2.7) implies Q{ip) = 0, hence I(ip) = 0. If / R2 V(\ip\ 2 ) dx > let a = (J* R2 V(\ip\ 2 ) dx)'^ and 
i> = i>a,(r> so that J R2 V(|^>| ) dx = 1 and J R2 |VV>| 2 dx = fe. We infer that |Q(V0I ^ <Zfc- Since 
"0 = "01 I we nave by scaling I(ip) = o~ 2 J* R2 F(|^| 2 ) dx — a^ 1 Q('ijj) > o~ 2 — a~ l qk > — %. We 

„2 

conclude that I m in{k) > —-^ > — oo. 

iv) If V achieves negative values, it is easy to see that there exists ip\ € 8 such that 
/ R 2 V(\ipi\ 2 )dx < 0. Let fci = J R2 |V^i| 2 dx. Then, for any t > 0, J R2 |V(t/>i) 
J* r2 |VV>i| 2 dx = k\ since N = 2, thus 



;;,t| 2 dx 



Imin{kl) < I({lpl)t,t) 



-tQM + t* / V(|Vir)dx 

/R2 



-oo 



as t — > +oo. By concavity we have I m i n {k) = — oo for any fe > fci. 



v) The proof relies on the comparison maps constructed in the proof of Theorem 4.15 



from the (KP-I) ground state. Notice first that if ip € 8 is such that J R2 V(\ip\ 2 )dx > and 
Q(ip) > 0, then the function 1 1 — ► I^t.t) = t 2 J R2 ^(IV'I 2 ) dx — tQ(ip) achieves its minimum at 
t = lQ(ip) (J R2 FdV'l 2 ) dx) -1 . Since J R2 |V^| 2 da; = J R2 |V^t.*l 2 dx = fe in dimension TV = 2, 
it follows that 



(5.9) 



,(A;)<inf/(^, t ) = /(^ 0>t0 ) 



Q 2 W 



4f R2 V(\^)dx 



Let now 7 7^ to be determined later, and w a ground state for (4.59). Then, for e small 



enough, we have seen in the proof of Theorem 4.15 how to construct from w a comparison map 
U £ E 8 satisfying 

Q{U £ ) = 3r 2 v 3 s y(w)e - -r 2 v s y{w)e 3 , 

7 



R^ 



V(\U £ \ 2 ) dx 



-rlv i s y{w)e - - [ r 2 Q v 2 s 



F"{4)r b y(w)e A + 0(e b 



IWJ 2 dx 



R^ 



3 2 ry s y(w)e + r 2 v 2 ^( W )(^-^ 



e 3 + 0(e 5 ). 



Recalling that T = 6 — 4rQi ? "(r 2 .)/?; 2 by definition, setting k £ = J* R2 |V?7 £ | 2 dx and since 
Q(U £ ) > and J" R2 y(|J7 £ | 2 ) dx > for e small, we infer from (5.9) that 



lrnin\™e) — 



Q 2 (u £ 



4/ R2 ni^i 2 )dx 



q or _ 19 

-rlv 2 s y{w)e - r 2 ^{w)e 3 + 0(e 5 ) 

2 7 



^rgt&*»e + r 2 v f {T 6) ^(w)e 3 + 0(e 5 ) 
2 7 
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Therefore, we have 



provided 2(r — 6)/7 > 3/2 — 12/7, that is 4r/7 > 3 (take, for instance, 7 = T) and e is 
sufficiently small. □ 

Let 
(5.10) k = inf Ik > | I m i n (k) < — ^k\ and k^ = inf{fc > | I m in{k) = -00}. 



By Lemmas 5.2 and 5.3 (i) we have < k$ < 00 and < k^ < 00. It is clear that ko < &oo- 
If either N > 3 or JV = 2 and V > on [0, 00) we have fcoo = 00, while if iV = 2 and (A4) 
holds with r 7^ 0, we have &o = 0. The next Lemma gives further information in the case when 
N = 2 and V achieves negative values. It shows the relationship between fcoo and the Dirichlet 
energy of a stationary solution (c = 0) to (|1.3[), the so-called ground state or bubble. 



Lemma 5.4 Assume that N = 2, (Al), (A2) are satisfied and miV < 0. Let 

T = inf < / \Vi[)\ 2 dx ip € 8 , \tp\ is not constant and / V (\tp\ 2 ) dx < > . 
Ur 2 Jr 2 J 

Then: 

(i) We have T > and t/ie infimum is achieved for some ipo £ 8. Moreover, any such 
tpo satisfies the equation Atpo + F(\ipo\ )ipo = in P'(R 2 ), J R2 ^((i/'ol 2 ) dx = 0, ipo belongs to 
C 1,a (R 2 ) for any a 6 (0, 1) and, after a translation, ipQ is radially symmetric. 

(ii) For any k < T and any M > 0, Eql is bounded on the set 

£k,M--\^££ f\V^\ 2 dx<k, f V{\^\ 2 )dx<M\. 
(Hi) We have koo = T. 



Proof, (i) It follows from Corollary 4.2 that T > 0. The proof of the existence and 
regularity of minimizers is rather classical and is similar to the proof of Theorem 3.1 p. 106 in 
|12j . so we omit it. Notice that any minimizer of the considered problem is also a minimizer of 
J R2 V(\ijj\ 2 )dx under the constraint J R2 \Vip\ 2 dx = T and the radial symmetry follows from 
Theorem 2 p. 314 in 



(ii) Fix j3 £ (0, r ] such that 
(5.11) V(s 2 ) > ^ (s 2 - r 2 ) 2 for any s E ((r - /3) 2 , (r„ + /?) 2 )- 



It suffices to prove that for any sequence (tp n )n>i C £k,M, Egl^u) is bounded. Let 
(^n)n>i C <?fc,M- Let K n = {x £ R 2 I J 1^(^)1 — ro| > f }• We claim that it suffices to prove 
that C 2 (K n ) is bounded. 

Indeed, assume C 2 {K n ) bounded. Let ipn = [\ \i/>n\ ~ r o| — § ) • Then ip n G L ; 1 oc (R 2 ), 
|VV>n| < iVV'nl a - e - on R 2 an d by (2.2) we have 



( \^ n \ 2 ™ +2 dx < C 2po+2 \\Vip n \\ 2 L ^ 2) C 2 (K n ) < C 2po+2 \\V^ n \\%°^ 2) C 2 (K n ). 

JR 2 
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By (Al) and (A2) there is C > such that \V(s 2 )\ < C I \s - r Q \ - f J for any s 

satisfying |s — rg| > /3. Hence 



L 



\V{m 2 )\ dx<C \^ n \ 2po+2 dx < C C 2po+2 \\V^ n \\f^ 2) C 2 (K n ) 
R. 2 \{n)-/3<|Vn|<r +/3} ^R 2 v ; 

and the last quantity is bounded. Since J R2 ^(iV'nl 2 ) dx is bounded, we infer that 



4-o-/3<|<M<r +/3} y{\^n?)dx is bounded, and by J5.1l|), f {ro -p< ]i}n] < ro+ p } (</> 2 (l^n|) - r 2 ) 2 dx 



is bounded. On the other hand, S-R?\{r -p<\^ n \<r Q +p} (^(IVVil) - *o) dx < 9r$£ 2 (K n ) and 
the conclusion follows. 

It remains to prove the boundedness of C 2 (K n ). Let 

jj+ = 1 ^ if W - r ° and ib~ = { '^ n ' if '^ n ' - r ° 

n \ r o otherwise, " ™ I r o if l^/vj > ro. 

It is clear that ^+, i/>~ G £, / R2 |V^| 2 + |V-0~| 2 da; = J R2 |V|^ n | | 2 dx < fc and J R2 ^(|^+| 2 ) + 
y(|^-| 2 ) dx = / R2 y(|V„| 2 ) dx. If J R2 V(\iP+\ 2 ) dx < 0, by (i) we have J R2 |V^+| 2 dx>T>k, 
a contradiction. Thus necessarily J" R2 V(\ip^ \ 2 ) dx > and similarly J r2 V(|V>n| 2 ) dx > 0, 
hence J R2 F(|V^| 2 ) dx G [0,M]. 

Let K+ = {x G R 2 | |V„(x)| > r + f }, #" = {x G R 2 | \i> n {x)\ < r - § }. Let 
w n = ^n (l x l) an d ^n = ^n (M) be the symmetric decreasing rearrangements of (\tp n \ — ro)+ = 



ip£ — ro and of (\ip n \ — fo)- = r o — V'n > respectively. As in the proof of Lemma 4.8 we have 
^G/d/ oc ((0,oo)).Let 

£ n = inf{i>0| <j>+(t) < §} and s n = ia£{t > | </>~(t) < f}. 

Then £ 2 (ET+) = £ 2 ({(|Vn| - r )+ > f }) = £ 2 ({^+ > f}) = £ 2 (U(0,t n )) = vrt 2 and similarly 
£ 2 (i^-) = vrs 2 , so that £ 2 (K„) = vr(t 2 + s 2 ). 

Assume that there is a subsequence t n . — > oo. Let u> 7 - = (ud~. )_i i_ = 4>^. (t n \-\), so that 

% > f on 5(0, 1) and < % < f on R 2 \ 5(0, 1). Then / R2 |Vwy| 2 dx = J R2 |Vu> nj | 2 dx < k 



and using (2.2) we see that (wj — <|)+ is uniformly bounded in L p (B(0, 1)) for any p < oo, and 
consequently (Wj)j>i is bounded in L p (B(0,R)) for any p < oo and any i? G (0, oo). Then 
there is a subsequence of (wj)j>i, still deno ted (u)j)j>i, and there is w G ^^(R 2 ) such that 



Vw G L (R ) and {wj)j>i, w satisfy (4.32). It is easy to see that ro + w G £ and w > ^ on 
B(0, 1). By weak convergence we have 



\X7w\ dx < liminf / |Vw)j| dx < k. 
R 2 i^°° Jr2 



Using (A2), the convergence Wj — > w in L 2po+2 (B(0, 1)) and Theorem A2 p. 133 in |46| we 

§ et Jb(0,i) ^(( r o + *i) 2 ) dx — y /s(o,i) ^(( r o + *) 2 ) rfx - Since % G [°> f i on R2 \ jB ( ' X ) and 
V^(s 2 ) > for s G [ro,ro + |], using Fatou's Lemma we obtain J R2 \ B / D ^(( r o + w) 2 )dx < 
liminf J R2 \ B( - x n V"((ro + ^j) 2 ) dx. Therefore 



j->oo 



/ U((r + w) 2 )dx < liminf / V((r + *j) 2 ) dx = liminf -^- / V((ro + w+) 2 ) dx 
Jr 2 i^ 00 Jr 2 i^°° *nj JR 2 J 

= liminf -J- / y((^+) 2 )dx<0 
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since J* R2 V((ip£ . ) 2 ) dx < M and t nj — > +00 by hypothesis. Since tq + w > r$ + | on -B(0, 1) 
we infer that J R2 |Vw| 2 dx >T>k,& contradiction. 



So far we have proved that (t 



n)n>l 



is bounded. Similarly (s n ) n >i is bounded, thus 



(£ (K n )) n >i is bounded and the proof of (ii) is complete. 



(iii) Consider a radial function ipo ^ E such that |V>o| is not constant, J R2 U(|^o| 2 ) dx = 
and J-n-2 \Vipo\ 2 dx = T. Since F (\tpQ\ 2 )jpo does not vanish a.e. on R 2 , there exists a radial 
function cp G C~(R 2 ) such that f n2 (F(\ifj \ 2 )^ , 4>) dx > 0. It follows that jL =0 / R2 V(\ip + 
t(f)\ 2 )dx = — J R2 (-^ 1 (|V'o| 2 V'0) </>) dx < 0, consequently there is e > such that J R2 V(\tpo + 
t<f)\ 2 )dx < J R2 V(\^ \ 2 )dx = for any t G (0,e). Denote k(t) = J R2 |V(^o + t(j))\ 2 dx. As in 



the proof of Lemma 5.3 (iv) we have /„ 
any t G (0, e) 



thus fcoo < k(t) for 



i{k(t)) = —00 for any £ G (0,e) 
Since fc(i) — )■ T as t — > 0, we infer that feoo < T 7 . 
Let k <T. Consider ip G £ such that J R2 | VV>| 2 dx = A;. If |V>| = ^0 a.e. we have F(| t/>| 2 ) = 
a.e. and Q{ip) = by (2.7), hence I(ip) = 0. If \ip\ is not constant, then we have necessarily 



t,t) 



J R 2 V(\^\ 2 ) dx > 0. If Q(ip) < 0, it is obvious that I (i/f) > 0. If Q(^) > we have infl($ 

~\Q 2 {i J ) (Jr2 ^(IV'I 2 ) dx) an d the infimum is achieved for t m i n = gQO/O (/j>2 ^(IV'I 2 ) dx) 
There exists £1 > such that J* R2 VdV^i.til 2 ) dx = 1. Then J R2 | V^ti ,ti 1 2 dx = k and 



J(V)>infJ(^, t ) = 



Q 2 W 
4/ R2 y(|^| 2 )dx 



'*k>V(\^ tl \ 2 )dx- 4 Q[ ^ h 



This implies I(ip) > inf{— \Q 2 { 



4> ^ £k,i}- By (ii) we know that Eql is bounded on £^\ 
and Corollary 4.18 implies that Q is also bounded on £k,i- We conclude that I m in{k) > —00, 
hence k < k^ 



Since this is true for any k < T, we infer that k, 



to > T. Thus feoo 



□ 



Lemma 5.5 Assume thatO < k < koo and (ip n )n>l C £ is a sequence such that J* Rjv |V^n| 2 dx < 
k for all n. Suppose that (I(ip n ))n>i is bounded in the case N > 3, respectively that I(ip n ) < 
for all n in the case N = 2. 

Then (Q(ip n ))n>i, (/ r jv ^(l^n| 2 ) dx) n>l and {E GL {ip n )) n >i are bounded. 



Proof. Consider first the case N > 3. Let us show that J* RJV V(\ip n \ 2 ) dx is bounded from 
above. We argue by contradiction and assume that this is false. Then there is a subsequence, 
still denoted (ip n )n>i, such that s n := J RAr FdV'nl 2 ) dx — > 00 as n — > 00. 

Let a n = s n N . Since J RN |V((V>n)(T„,<x„)| 2 dx = a^~ 2 J r jv \Vi[i n \ 2 dx — ► as n — >■ 00, 
implies that {ip n )a„,a n satisfies (5.3) with c = %• for all sufficiently large n, that is 



Lemma 



5.1 



|W 



n? dx 



'(s n -I(*p n )) + s n N >0. 



R x 



Since f RN \Vip n \ 2 dx and I(ip n ) are bounded and s n — > 00, the left-hand side of the above 
inequality tends to —00 as n — > 00, a contra dictio n. We conclude that there is M > 
such that J RJV VX|V>n| 2 ) dx < M for all M. Then |Zl ) implies that J RJV (y> 2 (|-i/> n |) 



bounded. By (4.1), J Rjv Fd^l 2 ) dx is bounded from below. Using Corollary 
(Q(ipn))n>i is bounded. 



4.18 



?*o ) dx is 
we infer that 



5.4 



Consider next the case N = 2. Since J R2 \Vtp n \ 2 dx < k < k^, using Lemma 
(iii) we see that either J RJV y(|^ n | 2 ) dx > or J R]V UdV'nl 2 ) dx = and |T/j n | = r^ a.e. 
In the latter case (2.7) implies Q(4>n) = 0, hence I(ip n ) = 0, contrary to the assumption that 



(i) and 
on R 2 . 



I(tp n ) < 0. Thus necessarily < J RJV U(|VvJ 2 ) dx < Q(ip n ) for all n because I(ip n ) < 0. 



16 



Since J R2 I V(ipn)a,a\ 2 dx = J* R2 I VV'nl 2 dx for any a > 0, as in the proof of Lemma 5.4 (iii) 
we have 

- inf [I((l/>n)(r,ff) > Imin ( / \^tpn\ 2 dx) > I min (k) 



and this implies 

Q 2 (VvO < -47 mi „(fc) / y(|Vn| 2 )dx. 
./HA 

Combining this with the inequality < J" R2 VdVVil 2 ) dx < Q(tp n ), we get 



(5.12) < / V(\i> n \ 2 ) dx < Q(Vn) < -4Z- min (fe). 

Jr 2 

We have thus proved that (Q(ip n ))n>i and (J R2 Vd^n| 2 ) dx) n>1 are bounded. The bounded- 
ness of JU 2 (</? 2 (|V'n|) — ?~o) ^ x follows from Lemma 4.8 if V > on [0,oo), respectively from 



Lemma 5.4 (ii) if V achieves negative values. □ 



We now state the main result of this section, which shows precompactness of minimizing 
sequences for I m i n (k) as soon as ka < k < k^. 

Theorem 5.6 Assume that N > 2 and (Al), (A2) hold. Let k G (&o, fc<x>) and let (ip n )n>i C £ 
be a sequence such that 

\Vip n \ 2 dx — > k and L(ip n ) — > I m in(k). 

n N 

There exist a subsequence (ipn k )k>i> a sequence of points (xk)k>l C R , and ip G £ such 
that J" RJV \Vip\ 2 dx = ft, I(ip) = I m in(k), iftn k (%k + ') — > ip a -e- on R^ and 

l|V^n fe (-+^fe) - W>|| L 2 (R iV) — ► (), || \tpn k \{- + oc k ) ~ \ip\ ||i,2(RiV) — ^0 as k — >oo. 



Proof. Since I m in(k) < 0, we have L(ip n ) < for all sufficiently large n. By Lemma 5.5 
the sequences (Q(ipn))n>i, {J^n ^(IV'n) 2 ) dx) n>1 and (£ci(^ n )) n >i are bounded. Passing to 
a subsequence if necessary, we may assume that Egl^u) — > a^ > k > and Q(ip n ) — > Q as 
n — > oo. 

We use the Concentration-Compactness Principle (|39|) and we argue as in the proof of 



Theorem 4.9 Let A n (t) be the concentration function associated to Eci^n), as in (4.15). It is 
standard to prove that there exist a subsequence of ((V , njAra))ra>i ) still denoted ((ip n ,A n )) n >i, 
a nondecreasing function A : [0, oo) — > R, a G [0, ao], and a nondecreasing sequence t n — > oo 



such that (4.16) and (4.17) hold. The next result implies that a > 0. 



Lemma 5.7 Let (ip n )n>i C £ be a sequence satisfying: 

(a) EQL{%jj n ) < M for some positive constant M. 

(b) f RN I VVvJ 2 dx — > k and Q(tp n ) — > q as n — > oo. 

(c) limsup/On) < ~^k. 

n— >oo s 

Then there exists £ > such that sup Eq^ (ip n ) > £ for all sufficiently large n. 

y€K N 
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Proof. It is obvious that the sequence (ip n )n>\ satisfies the conclusion of Lemma 5.7 if 
and only if ((ip n )v a ,v a )n>i satisfies the same conclusion. 

By (a) we have EaL((ipn)v s ,v s ) < max(-uf" 2 , vf)M. Assumption (b) implies 



Using (c) we find 



|V(>nk 



' dx 



v?~ 2 k 



and 



0(Wi)„»,) — >v 



N-l. 



\imsu.pE((i{j n ) Vs , Vs ) -v s q = limsup(v^ 2 \Vi(j n \ 2 dx + vf / V(\i> n \ 2 ) dx - v? Q(ip n ) 

n— >oo n— >oo \ JR, N JR" 

X>k + limsup/(^ n ) J < 0. 



,N / 1 



Then the result follows directly from Lemma 4.10 



□ 



Next we prove that a g" (0, «o)- We argue again by contradiction and we assume that 



< a < «o- Arguing as in the proof of Theorem |4.9| and using Lemma 3.3 for each n 
sufficiently large we construct two functions V'n,i,V'n,2 S £ such that 



(5.13) 



(5.14) 



(5.15) 



(5.16) 



EGL(^n,l) 



a 



and 



EgUiPti^) 



ao — a, 



R N 



llWnl 2 - |VV>n,l| 2 - \Vij n , 2 \ 2 \dx 



n N 



\v(\A 



V(\^n,l\ 2 ) 



V(ty 



n,2 



dx 



|Q(VV> - Q(lpn,l) ~ Q(rl>n,2)\ 



as n 



0. 



oo. 



Passing to a subsequence if necessary, we may assume that J" Rjv |VV>r? 



dx 



ki > as 



n 



oo, i 



1,2. By (5.14) we have k\ + k 2 



k. We claim that k\ > and k 2 > 0. 
To prove the claim assume, for instance, that k\_ 

a. Using Lemma 



0. From (5.13) it follows that 



a. From 



a? J RJV (^p 2 (\ip n ,i\) — Tq) dx — > a. Using Lemma 4.1 we find J RN V(\ip n .i\ 2 ) dx - 
Lemma 14.41(h) we infer that there is k > such that E(ip) > ^-\Q(ip)\ for any ip G £ satisfying 
Egl(^) < K. It is clear that there are no G N and <7o > such that EGL(i^n,i)a,a) < K for 
any n > n and any a G (0, <tq\. Then £((^ n ,l)<r,<r) > ^-|Q(('0n.,l)a-,o-)|, that is 

-\Q{ipn,i)\ < - f IV^.iI 2 dx + a [ V{\^ nyl \ 2 )dx 
V Jrn J k n 



2 



for any n > uq and a G (0, cto]. Passing to the limit as n — > oo in the above inequality 
we discover ^ lim sup iQ^n.i)! < &a for any a G (0,oo], that is lim |Q(^ ni i)| =0. As a 

consequence we find lim I(tp n i) = a. Since \I(ip n ) — Ifyni) — I{'4 , n2)\ — > by (5.15) and 

n— >oo 

(5.16), we infer that I(ip n ,2) — > Imin(k) — a as n — > oo. Since J RJV \Vip n>2 \ 2 dx — > k 2 = k, 
this contradicts the definition of I m in an d the fact that I m in is continuous at k. Thus necessarily 
k\ > 0. Similarly we have k 2 > 0, that is k%, k 2 G (0, A;). 

We have I(ip n i) > I-minif-oN \^ipni\ 2 dx) and passing to the limit we get liminf I(ip n i) > 
(k{), i — 1,2. Using ( |5.15 ), (5.16) and the fact that I(i/) n ) — > Imin{k) we infer that 



/, 



Imin(k) > Imin(h) + I m in{k 2 ). On the other hand, the concavity of I min implies I m in{h) > 
l (k 1 ) + Imin(k 2 ) > I m in(k) and equality may occur if and only if I min is 



£ -Lmin{k), hence l n 



linear on [0, fe]. Thus there is A G R such that I m in( s ) = As for any s G [0, ft]. By Lemma 5.2 
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we have A 



hence I m in(k) 



contradicting the fact that k > k$. Thus we cannot 



have a G (0, ao), and then necessarily a = «o- 

As in the proof of Theorem 4.9, there is a sequence (x n ) n >i C R such that for any e > 

< e for all n sufficiently large. Let ifj n = ip n (-+x n ). 



there is R £ > satisfying E% L \ B(Xn > R ^ 



(A 



Then for any e > there exist R £ > and re e G N such that (if) n ) n >i satisfies (4.31). It is 
standard to prove that there is a function if) G H^jTi N ) such that Vif> G L 2 (R JV ) and a 
subsequence (^ 



n.j)j>l 



satisfying (4.32)-(4.34) and (4.37). 



Lemmas 

/rjv V(|^ ni | 
quently /(■!/>) 



4.11 



and 



4.12 



i fix 



imply that |||V>n.,-| - h/>| IU 2 (R^) — > °i Q(Vs) — ► Q(V0 a nd 
Jpjv F(|V>| 2 ) dx as j — )■ oo. Therefore I(ip n ^) — > I(ip), and conse- 



Imin(k)- On the other hand, by (4.33) we have J* R]V \Vip\ 2 dx < k. Since I m % n 
is strictly decreasing, we infer that necessarily J Rjv |V?/>| 2 dx = k = lim J" Rjv |V?/> n -| 2 dx. Com- 

bined with the weak convergence V^n — *■ V^ in L 2 (R ), this gives the strong convergence 
VV-inL^R^ 



Wv. 



and the proof of Theorem 5.6 is complete 



Denote by d I m in{k) and d + I m i n (k) the left and right derivatives of /„ 
exist and are finite for any k > because I m in is concave). We have: 



□ 
at k > (which 



Proposition 5.8 (i) Let c > 0. Then the function if) is a minimizer of I in the set {(f) G 
£ | J RJV |V0| 2 dx = k] if and only if if> c ,c minimizes the functional 

W) = -cQ(<f>) + [ V(\<f>\ 2 )dx 



in 



the set {(f) G £ | J RJV \V(f>\ 2 dx = c N ~ 2 k}. 



(ii) If if) G £ satisfies J* Rjv \Vif>\ 2 dx = k and I(ip) = I m in{k), there is-d G [d + I m i n (k),d I m in{k)] 
such that 



(5.17) 
Then for c 



iip xi - $Aip + F(\ip\ 2 )if; = inV(R N ). 



JV-21 



the function if) CyC satisfies (4-54) and minimizes E c = E — cQ in the set 



k}. Moreover, if) G Wf£(R N ) and Vip G W 1 *^) for any 



{4>€S\ J RN \V(f)\ 2 dx 
pe [2,oo). 

(Hi) After a translation, if) is axially symmetric with respect to the x\ — axis if N > 3. The 
same conclusion is true if N = 2 and we assume in addition that F is C 1 . 

(iv) For any k G (ko, &oo) there are ip + ,tp~ G £ such that J Rjv |VV> + | 2 dx = f RN \Vip~ | 2 dx = 
k, I(ip + ) = I(ip~) = Imin(k) and ip> + , tf)~ satisfy (5.11) with i3 + = d + I m i n {k) and $~ = 
d~I m in(k), respectively. 

Proof. For any (f> G £ we have I c (<f) CjC ) = c N I((p), J Rjv \V(f> c , c \ 2 dx = c N ~ 2 J R]V \V(f)\ 2 dx 
and (i) follows. The proofs of (ii), (iii) and (iv) are very similar to the proof of Proposition 
14.141 and we omit them. □ 

Remark 5.9 (i) Let if) G £ be such that E(ip) < v a Q(if>) and let k = J RJV \Vip\ 2 dx. Then 



L min\ n— 2 , 



< 



-. Indeed, we have JrvIVV' 



Vs ' ^s 



' dx 



( 1V=2 ) + -\ ^ I (^J, i) + ^ / 



|v^_ 



: dx 



rk and 



,A ? 



(S(^) - v s Q(if))) < 0. 
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(ii) Conversely, let ip G £ be such that I(ip) < —^2 / r jv |V^| 2 dx and denote q = v^ 1 Q{ip). 



Then E min (p) < v s q. Indeed, we have Q{ip Va ,v s ) 

Emin(q) ~ v s q < E(ip Vs>Vs ) - Q(ip Vs ,v s ) = v 



JV-1 



Q(tp) = q and 



A? 



v 2 s Jrn 



\Vip\ 2 dx + I(tp)\ <0. 



We will use the results in the present section to find traveling waves to (1.1) in space 



dimension N = 2 which are local minimizers of the energy at fixed momentum even in the case 
when V achieves negative values. 
If JV = 2 and q > 0, define 

(5.18) El in (q) = inf {e(i/>) | </> G £, Q(^) = q and ! V{\^\ 2 ) dx > o}. 

This definition agrees with the one given in Section 4 in the case V > 0. 

Lemma 5.10 Assume that N = 2 and (Al), (A2) are satisfied. The function E* min has the 
following properties: 

ft) E Lin^) ^ v sQ f or any q>0. 

(ii) For any e > there is q £ > such that E^ in (q) > (v s — e)q for any q G (0, q e ). 

(in) E ■ is subadditive on [0, 00), nondecreasing, Lipschitz continuous and its best Lips- 
chitz constant is v*. 



(iv) If inf V < 0, then for any q > we have E^^q) < koo- 
(v) E* min is concave on [0,oo). 



Proof. If V > on [0, 00), the statements of Lemma 5.10 have already been proved in 
Section 4. We only consider here the case when V achieves negative values. The estimate (i) 



of Lemma 14.6 



of Lemma 4.7 



follows from Lemma 4.5 (notice that the fact that V > on [0, 00) is not important in the 
proof of Lemma 4.5, only the behavior of V near Tq matters). For (ii) proceed as in the proof 



and use Lemma 5.1 instead of Lemma |4.4| The proof of (iii) is the same as that 
(0- 

(iv) Let q > 0. Fix e > 0, e small. By (ii) there is ip G £ such that J* R2 \Vip\ 2 dx < | 
and Q(ip) > g|-. It is obvious that J R2 |V(V> CT ,cr)| 2 dx = J R2 | V'0| 2 dx < | for any a > and 
there is do > such that Q(i/)<T ,ao) > Q- Using Corollary |3.4| and (2.12), we see that there is 
ipi G £ such that Q(ipi) = q, J R2 | V^i| 2 dx < § and ifti = r$ outside a large ball -6(0, R\). Let 
M 1 = j w V{\^ l \ 2 )dx. 



Let ipo be as in Lemma 5.4 (i). Proceeding as in the proof of Lemma 5.4 (iii) we see that 
there exists a radial function <\> G C£°(R 2 ) and there is e\ > such that J" R2 V(\ipo+t(j)\ 2 ) dx < 
for any t G (0,£i). Taking t G (0, £1) sufficiently small and using a radial cut-off it is not hard 
to construct a radial function V>2 G £ such that J R2 V(\tp2\ 2 )dx = —M2 < 0, J* R2 (VV^I 2 dx < 
koo + § and ip2 = ro outside a large ball B(0, R2). Since ^2 is radial, we have Q(ip2) = 0. 

'Mi- 



Let t 



Mi 



Choose xq G R such that \x§\ > 2(R\ + iifo) and define 



i/j*(x) 



■01 (x) 



ZQ 



if \x\ < Rt, 
if Id > R\. 



Then 0* G £, Q(^*) = Q(V'l) + £<2(V>2) = 9, J R2 |V^*| 2 dx = / R2 |V^i| 2 dx + J R2 \V^ 2 \ 2 dx < 
k^ + f , and j R2 U(|V*| 2 ) dx = J R2 U(|^i| 2 ) dx + t 2 j R2 U(|V> 2 | 2 ) dx = M x - t 2 M 2 



I >0. 



Thus E^ in (q) < E(ip*) < k^ + e. Since e is arbitrary, the conclusion follows. 
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(v) Let E* = sup-E^.Jg). We have £» < &«,. Denote g» = sup{g > | £^ in (g) < £ s }. 
<?>o 

Define E^~ n (k) = sup{g > | E^ min {q) < A;}. Then .EJ^Jn ^ s finite, increasing and right 

continuous on [O,^). By convention, put E^~ n (k) = if k < 0. For any <p G £ with 

/ R2 V(M 2 ) dx > and £((£) = k we have ^LjW)) < E (<t>), thus 

w) < *&£(*)■ 

Let q e (0, g s ). Fix e > such that £^ in (g) + 4e < £*. Choose ^ G £ such that Q(tp) = q, 
f R2 VM 2 )dx>0zndE(i;)<Ei m (q)+e. 

We may assume that tp is symmetric with respect to X2- Indeed, let S^~ and S t be 
as in (4,10)-(4.11[). Arguing as in the proof of Lemma 4.7 (ii), there is to G R such that 



Jr 2 |V(5'^(^))| 2 dx = J R2 IV^"^))! 2 ^ = / R2 \Vtp\ 2 dx < koo- After a translation, we may 
assume that to = 0. Let tp\ = Sq(ijj), tp% = Sq(i/j), denote qi = Q(tpi) and v\ = J R2 1^ ( | f/^i 1 2 ) dx, 
i = 1,2 and u = J R 2^(|V'| 2 ); so t hat gi + qi = 2Q(tp) = 2g and v\ + t>2 = 2u. Since 
Jr 2 I^V'i)! 2 dx < k^ = r, by Lemma 5.4 we have v% > and i>2 > 0. If gi < we have g2 > 2g 



and then for a 2 = £ < §, we get <2((V>2)<t 2 , CT2 ) = 5 and £((V>2)a 2 ,<r 2 ) < #(V>) < £^ in (g) + e, 
hence we may choose (V'2)cr 2 .o- 2 instead of tp, which is symmetric with respect to x 2 - A similar 
argument works if g2 < 0. If gi > and g2 > 0, let o\ = ^- and a 2 = ~, so that ^- + ^ = 2. 
We claim that there is i G {1, 2} such that crfvi < v, and then we may choose (tpi)a it ai, which 
is symmetric with respect to x 2 , instead of tp . Indeed, if the claim is false we have vi > -\v 

i 

and taking the sum we get 2 > \ + \ , which is impossible because ^- + — = 2. 

Since tp is symmetr ic w ith respect to x 2 , we have Q(S tp) = q and E(S tp) = E{ip) < 



koo — 3e. As in Lemma 4.7 (ii), the mapping 1 1 — > E{S^tp) is continuous and tends to 2E(tp) 
as t — > oo. Let too = inf{t > | E(Sftp) > koo} (with possibly too = oo if E(ip) < g&oo)- For 
any t G [0, too) we have E(S^tp) < koo- If there is t G [0, too) such that J" R2 V(\S^tp\ 2 ) dx = 0, 
we have necessarily J R2 \V(S^tp)\ 2 dx > koo, thus E{S^tp) > koo, a contradiction. The function 
t i — > J R2 V r (|S' t _ '(/ ; | 2 ) ^ is continuous, positive at t = and cannot vanish on [0,too), hence it 
is positive on that interval. Consequently we have 

(5.19) E(SrtP) > El in (Q(SrtP)) for any t G [0,^). 

For any t > we have J R2 \V{S+tP)\ 2 dx = 2 \L ^ t} |W| 2 dx < 2 $ {x ^ } |W| 2 dx < E(iP) < 



koo, hence J R2 V(\S^tp\ ) dx > (by Lemma 5.4) and therefore 



(5.20) E(S+tP) > El m (Q(S+tP)) for any t > 0. 

The mapping 1 1 — > Q(S^tp) is continuous, tends to as t — > oo and Q(SqiJj) = q. If too = oo, 
for any q\ G (0, g) there is t qi > such that Q(S^~ tp) = q\. Then Q(S^ tp) = 2q — q\ and using 



(5.18), (5.19) we get 



El n (q) + e > E{tP) = \ (^(5+ ^ + E(S^)) > \ (^Ln(ft) + 4i„(2? - gi) 

In the case too < oo we have E{S^ tp) = koo, hence E{Sf oo tp) = 2E(tp) — E(S^ tp) < 
2E min (q) +2e-koo < £[,;„(?) and it follows that 

Q(SttP) < E^(2El m (q) + 2e- koo). 

For any q\ G [Q(Sf tp),q] there is t qi G [0,too] such that Q(S^~ tp) = g 1# As above, we obtain 

El in (q) + e > \ (El m ( gi ) + E* mm {2q - Ql )) for any q x G [^ 1 (2^ m (g) + 2e- k^), g]. 
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Since e € (0, \(E$ — E min (q))) is arbitrary and E^ in is right continuous we infer that for any 

<ze(0,<z»), ' 

(5.21) 

ELnil) > \ ( E Ln(Ql) + *w( 2 <Z " «)) whenever Sl G (i^^i^g) - fe^), g]. 

The function g i — )• £^7n (^^mini^) ~ ^°°) * s nondecreasing and right continuous on (0, g"). 
Fix q* G (0^). We have 

n , m E lkin ( 2E Ln (?) ~ fcoo) = ^m7n (2-^Ln (?* ) " fc oo ) < q* and 

lim (2g - E^(2El m (q) - k^)) > 2g* - ^fcn^Lnfe) " *°o) > ?*. 
Hence there are g^ < g* and g" G (g*,<?) such that for any g G [gi,g*], 
(5-22) ^(2^(9) " *<*>) < qi and 2g - EfcfaELM) - k^) > &. 



Using (5.21) we see that for any q\,q2 G [q'*,q"\ we have 



Ei m (^^) ^ l^niQl) + El m {q 2 )). 

Since E^^ is continuous, we infer that E* min is concave on [g^, q"]. Thus any point g* € (0, g") 
has a neighborhood where £^ in is concave and then it is not hard to see that E min is concave 
on [0, g"). If g^ < oo we have E* min = E$ on [g", oo), hence E* min is concave on [0, oo). □ 

Let 
(5.23) q\ = inf{g > | #Ln(<?) < v s q} and g^ = sup{g > | E^^q) < koo}- 

It is obvious that gjj < gSo and g^ > (since E* min {q) — > < k^ as q — > 0). If F satisfies 



assumption (A4) with r ^ 0, it follows from Theorem 4.15 that gj = (notice that the sign 



of V on [0, oo) is not used in the proof of Theorem 4.15 and the test functions U e constructed 
there satisfy J R2 V(\U £ \ 2 ) dx > 0). 

Our next result shows precompactness of minimizing sequence for the minimization problem 

e Lm. 

Theorem 5.11 Assume that N = 2, (Al), (A2) are satisfied, and inf V < 0. Let q G (gj, g5o) 
and assume that (ip n )n>i C £ is a sequence satisfying 

V(\^n\ 2 )dx>0, Q(i> n )^q and E^ n ) — ► E^q). 
R 2 

There exist a subsequence (ipn k )k>i> a sequence of points (x&)fc>i C R , and ip G £ swc/i £/mf 
Q(V>) = g, -E'(^) = S^ (g), Vn fe (^fc + •) — ► V> o-e. on R 2 and lim d (^n fe (x fc + •), VO = 0. 
Furthermore, J* R2 ^(l^l 2 ) ^ > 0, hence ip £ £ is a local minimizer in the sense that 

E(iP) = El in (q)=M[E(w)\we£, Q(w) = q, j V {\w\ 2 ) dx > o] . 



Moreover, the conclusion of Proposition 4-14 holds true with E m i n replaced by E, 
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11. 



Proof. Let < k\ < E min {q) < k 2 < ^oo- We may assume that k\ < E(ifj n ) < k 2 for all 
there is Ci(ki) > such that E GL (if) n ) > Ci(fci). Since J R2 V(\tf) n \ 2 ) dx > 0, 



By Lemma 



4.1 



we have i/j n G £k 2 ,k 2 an d using Lemma 5.4 we infer that EQL(if) n ) is bounded. Passing to a 
subsequence if necessary, we may assume that EcL(ipn) — > «o > 0. Then we proceed as in the 
proof of Theorem |4.9| and we use the Concentration-Compactness Principle for the sequence 
of functions /„ = | V^n| 2 + a 2 (tp 2 (\ifj n \) - r 2 ) . 

We rule out vanishing thanks to Lemma |4.10| 

If dichotomy occurs for a subsequence (still denoted (tp n )n>i) using Lemma 3.3 for all 

n,i, ipn,2 G £ s uch that | / R2 \Vif) n \ 2 dx - 



n sufficiently large we construct two functions ip. 



/ R a |V^™,i| 2 dx - J R2 \Vip n , 2 \ 2 dx\ — ► 0, and (|4.28|), (|4.29|), (|4.30|) hold for some a £ (0,a ). 



In particular, we have J* R2 \Vip n ,i\ 2 dx < k 2 < feoo> * 
this implies J R2 V(\if) n ^\ 2 ) dx > 0, so that E(ip nt i) > E, 



1,2 for all n sufficiently large and 
iCQW'tm))- Since ^ 6 (<?o,<?L), usin g 



the concavity of £^ in we infer that El nin (q) < E^Jcf) + E^^q - q') for any q' £ (0,q). 
Then arguing as in the proof of Theorem |4.9| we rule out dichotomy and we conclude that 

concentration occurs. 

Hence there is a sequence (x n )n>i C R^ such that, denoting ip n = ip n (x n + •), ( 4.31 ) holds. 
Consequ ently ther e are a subsequence (ipn k )k>i an d ip £ £ that satisfy (4.32) and (4.33). Using 

\$n k \ ~ 



Lemmas 



4.11 



and 



4.12 



we get lim | 

k— >oo 



(5.24) 



fan / V(\ip nk \ 

-+OOJ-R2 



lim 

k^ 



l )dx 



R 2 



Il 2 (r^) = 0, 



V(\tp\ 2 )dx and 



lim Q(i>n k ] 

k— >oo 



Q{i>). 



In particular, we have J" R2 F(|^| 2 ) dx > 0, Q(i/)) = q and this implies E(i/)) > E^^q). Com- 



bining this information with (4.33) and (5.24) we see that necessarily J* R2 IV^. 



y n k \ 



1 dx 



Jr2 \Vip\ 2 dx. Together with the weak convergence V^ nfc — *■ X7ip in L 2 (R 2 ), this implies the 
strong convergence \\Vip nk — VV ; ||l 2 (r 2 ) — * 0- Hence do(^ nk ,ip) — > as k — ► oo. The fact 
that J r2 FdV'l 2 ) dx > comes from the fact that \ip\ is not constant (because Q(psi) = q > 0) 
and J R2 I V^| 2 cZa: < k c 

□ 



The last part is proved in the same way as Proposition 4.14 
If Qoo < oo we have E* 



(q) = &oo for all q > qoo- The conclusion of Theorem 



5.11 



5.10 



is 

IV) 



not valid for q > qlo. Indeed, for such q the argument used in the proof of Lemma 
leads to the construction of a minimizing sequence (if) n )n>i C £ satisfying the assumptions of 
5.11, but Ecl^u) — > oo. Furthermore, if J R2 |V-0| 2 dx > koo, Lemma 5.4 does not 



Theorem 



guarantee that the potential energy J* R2 ^(IV 7 ! 2 ) dx is positive. 



It is a natural question whether there is a relationship between the traveling waves to ( 1.1 ) 



found in this section, those found in section 4 and those found in |43j . We have the following 
partial results. The first one shows that the minimizers of E, 

IOr irniri' 



or E*- are also minimizers 



Proposition 5.12 Let N > 2. Assume that (Al), (A2) hold and either 

(a) V > on [0, oo) and q > q$, or 

(b) N = 2, inf V < and q E (qj, qL). 

Consider tp £ £ such that Q(ip) = q a nd E(ip) = E m i n (q) in case (a), respectively E(ip) = 
E min (q) in case (b), and if> satisfies (4-54) for some c G (0, v s ) (the existence ofifj follows from 

\Vip\ 2 dx. 

k 



mm 

Theorem 



4-9 in case (a) and from Theorem 5.11) in case (b)). Let k 
> ko and ipi i is a minimizer of I in the set {(f) G £ 

c ' c 

that is L(ipii) = I min (-^=2) ■ 



Then 



/ R2 |v0i 2 dx 



}■ 



>1 1 

c ' c 



Equivalently, ifi is a minimizer of L c (and of E c ) in the set {(f) G £ \ J R2 \V(p\ 2 dx = k}). 
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Moreover, if N > 3 the function I m in is differ entiable at 



Proof. By Remark 5.9 (i) we have I m in{ jv-2 ) < — w an d Proposition 4.14 (i) implies c G 



5.6 



we infer that there is a minimizer ip G £ 



(Q,v s ), hence ^.2 > N _ 2 > ko- Using Theorem 

of I under the constraint J RJV \V^\ 2 dx = cN _ 2 . By Proposition 5.8 (ii) there is c\ G (0, t> 



such that V'ci.ci satisfies (4.54) with c\ instead of c. 

Let tpi = ipc,c, so that J R]V |VV>i| 2 da; = c N ~ 2 J* RJV |V?/>| 2 dx = fc. Denote gi = Q{ip\) = 

It follows from Proposition 4.1 p. 1091-1092 in [5T] that ip and V'ci.ei satisfy the following 
Pohozaev identities: 



(5.25) 



(JV-2)/ |W|dx + c(JV-l)Q(^) = JV / VXI^ndz, 



respectively -(JV-2) J RJV |V^ Cl , Cl | 2 da;+ci(iV-l)Q(^ CliCl ) = N j RN V(\^ CltCl \ 2 ) dx. The latter 
equality is equivalent to 



JV-2 



JV 



(5.26) _(iV-2)L / |V^i| 2 dx + (iV-l)^ =I Q^i) = JV^ / V(\^\ 2 )dx 



R JX 



c A ./ ax- 



Since J* RJV IV^i i| 2 dx = -jv^2 = / r jv |V^>| 2 dx we have I{4>) < /(V'i i)> that is 

c ' c c ' c 

(5-27) - -^QM + \ I V{\^\ 2 ) dx < -^jQW + 4r / y (^| 2 ) <**■ 

C C JrIV c c jr^ 



Replacing J" RJV 1^(|-0| 2 ) dx and J RJV y(|V"i| 2 ) da; from (5.25) and (5.26) into (5.27) we get 

~2 



(5.28) 



eg + (JV - 2)fc < cgi + (JV - 2)-»fc. 



Leta^fA 



(5.29) 



. Then Q(('0i) (T , fJ ) = g, hence S(^) < E((tl)i) a>CT ), that is 

A;+ / V(|^| : 
Jr^ 



^dx<a N - 2 k + a N 



v(\H 2 ) 



R* 



We plug ( |5.25[ ) and (|5.26|) into (|5.29|) to obtain 
(5.30) 



nC z , Ar JV— 1 N 2 . , 
cgi + (JV - 2)-* A; < iVcgi ^^cg + ( — ^ ) k. 



a 



o* a 



N 



Combining ( |5.30[ ) with ( |5.28[ ) we infer that cq+ (JV - 2)k < Ncqi - ^cq + {$t - -pr) k. Since 
q = o~ N ~ l q±, the last inequality can also be written as 



(5.31) 



£^(^ _ Na + AT - 1) + 4r((JV - 2)*" - JV^" 2 + 2) < 0. 



If JV = 2, (5.31 ) is equivalent to — (er — l) 2 < and it implies that a = 1, thus q = q\- 



JV-2 



IfJV> Swehavea^-JVcr+V-l = (cr-1) 2 ^ (A^-1-j)ct j ' and (V-2)o- Ar -JVa Af - 2 + 2 

i=o 

iV-3 



(<7-l) 5 



(iV-2)^- 2 + 2^(i + l)^ 

3=0 



. Inserting these identities into (5.31) and using the 
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fact that a, c, q±,k are positive we infer that a = 1, hence q = q\. Then using (5.28) we 
obtain c\ < c 2 . On the other hand, from (5.30) and the fact that q = q±, a = 1 we obtain 



c 2 < c 2 . Since c and c\ are positive, we have necessarily c = c\. Then it is easy to see that 
I(tpi i) = ^(0). Moreover, we have proved that any minimizer ijj of / under the constraint 



Jr'v |V?/>| 2 cfa = N _ 2 satisfies (5.17) with $ = — j. It follows from Proposition 5.8 (iv) that 
d + I m in (^vb) = d~I min (prb), hence I min is differentiable at ^^b and /^(^L) = -^. D 

The next result establishes the relationship, if N > 3, between the traveling waves con- 
structed from minimizers of I m in and the solutions constructed in 



Proposition 5.13 Assume that N > 3 and (Al), (A2) hold. Let C c and T c be as in (4-68). 
Then: 

(i) T c >k + c N Imin (^vb) for any k > and c G (0, v s ). 

(ii) Let -0 be a minimizer of I under the constraint J" RJV \Vip\ 2 dx = k and let c £ (0, v s ) be 



such that ip CyC satisfies (4-54)- Then %fj CjC minimizes E c = E — cQ in C c . 

Proof. We keep the same notation as in the proof of Proposition |4.19[ 

(i) Consider the case N > 4. Fix -0 e C c and k > 0. Since A(tp) > 0, the function 
a 1 — > J RAr |V0i jO -| 2 dx = a N ~ 3 A(ip) + a N ~ l J RJV \q^-\ 2 dx is one-to-one from (0, 00) to (0,oo), 
so there is a^ such that J* RJV |V^i,o- fc | 2 dx = k, that is J* RJV \Vtpi °u \ 2 dx = Jf_ 2 . This im- 

plies I ('01 Zh ) > Imin ( eJV _ 2 )- Since ^4(0) > > B c (ip), the function cr 1 — > E c (^i^ a ) = 
a N ~ 3 A(t/j) + a N ~ l B c (ip) achieves its maximum at a = 1, we have 

E c (i>) = £ c (V>i,i) > ^c(0i,a fe ) = J R iv |V^i, ff J 2 da! + JcC^J 



c * c 



The above inequality is valid for any G C c and fc > 0, hence T c > sup [k + c I m i n ( jv-2 )) • 

A:>0 

Next consider the case iV = 3. Let tp £ C c and let k > 0. For any cr > we have 
E c (i/j) = A(ip) and J R3 | V-0i,cr| 2 da; = A(^) + cr 2 / R3 | j^| 2 dx. If A(^) > fc we have, taking into 
account that I m in is negative on (0,oo), 

(k 
E e (lJ)) = A(ip) >k>k + C Z I m i n ( - 

If A(ip) < k, there is a^ > such that J R3 |V-0i,o-J 2 dx = k, which means J R3 \V1p1 za\ 2 dx 

c ' c 

This implies I c (ipi,a k ) = c 3 I N)i ^A > c 3 / min (|). Thus we get 

£ C (V>) = £ c WvJ = / |V^i, CT J 2 dx + / c (0i i(7 J >k + c 3 I min (- 

Hence -E c (0) > A; + <?I m in (^) f° r an y V' S C c and A; > 0, and the conclusion follows. 

(ii) Since CiC satisfies (4.54[), by Proposition 4.1 p. 1091 in |42j we have ip CjC S C c . Then 



(5.32) E c (lj) Cfi ) > T c > SUp ( K + Chimin ( -jjr- 

k>0 v v c lv 

On the other hand, 

£ c (Vv) = c N ~ 2 [ IV0I 2 di + c N I(iP) = c N ~ 2 k + c N I min (k) < sup (k + c N I, 



""" l c 7V-2 



Therefore all inequalities in (5.32) are equalities, ip CjC minimizes E c in C c , T ( 



JV-2; 



c 



c N I m i n (k) and the function k i — s- k + c N I m i n ( ^!_ 2 ) achieves its maximum at «; = c w 2 /c. □ 
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6 Orbital stability 



It is beyond the scope of the present paper to study the Cauchy problem associated to (1.1). 
Instead, we will content ourselves to assume in the sequel that the nonlinearity F satisfies 
(Al), (A2) and is such that the following holds: 

(PI) (local well-posedness) For any M > there is T{M) > such that for any ipo G £ with 
Egl(iPq) < M there exist T^ > T(M) and a unique solution t i — > tp(t) G C([0,T^, o ), (£,d)) 
such that V'(O) = ipQ. Moreover, ip{-) depends continuously on the initial data in the following 



sense: if d(tpQ, ipo) — ► and t i — > tpn(t) is the solution of (1.1) with initial data i/jq, then for 
any T < T^ we have T < T^n for all sufficiently large n and d(ijj n (t), ip(t)) — > uniformly on 

[0,T] as n — > oo. 

(P2) (conservation of phase at infinity) We have ?/>(•) — ipo G C([0,T 1 p ),H 1 (R N )). 

(P3) (conservation of energy) We have E(tp(t)) = E(ipo) for any t G [0, T^, ). 

(P4) (regularity) If A^o G ^(R^), then A^(-) G C([0,T fo ),L 2 (R N )). 

In space dimension A = 2, 3, 4, the Cauchy problem for the Gross-Pitaevskii equation (that 



is (1.1) with F(s) = 1 — s) has been studied in [2H [25] and it was proved that the flow has 
the properties (P1)-(P4) above. Moreover, the solutions found in [24[ 125] are global in time if 
A = 2, 3 or if A = 4 and the initial data has sufficiently small energy. This comes from the 
conservation of energy and from the fact that the Gross-Pitaevskii equation is subcritical if 
A = 2, 3 and it is critical if A = 4. It seems that the proofs in |24[ [25] can be easily adapted 
to more general subcritical nonlinearities provided that the associated nonlinear potential V 
is nonnegative on [0, oo). Notice that any nonlinearity satisfying (A2) is subcritical. 

Recently it has been proved in [34] that the Gross-Pitaevskii equation is globally well- 
posed on the whole energy space £ in space dimension A = 4 and that the cubic-quintic NLS 
is globally well-posed on £ if A = 3, despite the fact that both problems are critical. 

Assume that (PI) and (P3) hold. If V > 0, using the conservation of energy and Lemma 



4.8 it is easy to prove that all solutions are global. 

If N = 2 and inf V < 0, any solution 1 1 — > tp(t) with initial data ipo satisfying J R2 |VV>o| 2 dx < 
koo and E(ipo) < koo is global. Indeed, the mapping t i — > J R2 V(\ip(t)\ 2 )dx is continuous; if 



it changes sign at some to G (0,T^ ), using Lemma 5.4 (i) we infer that J" R2 V(\ip(to)\ 2 )dx = 
and J r2 |V^o| 2 ^ > fcoo, thus E(ifi(to)) > koo, contradicting the fact that, by conservation 
of the energy, E(ijj(to)) = E(ipo) < k^. Consequently < J R2 V(\ip(t )\ 2 )d x < E(^ ) and 



< J R2 \Vip(t)\ 2 dx < E(ipo) as long as the solution exists. Then Lemma 5.4 (ii) implies that 



EcL(ip(t)) remains bounded and using (PI) we see that the solution is global. 



In the case of more general nonlinearities, the Cauchy problem for ( 1.1 ) has been considered 
by C. Gallo in [23]. In space dimension N = 1, 2, 3, 4 and under suitable assumptions on F, 
he proved the following (see Theorems 1.1 and 1.2 pp. 731-732 in [23]): 

(PI') For any ipo G £ and any uq G ff 1 (R Ar ), there exists a unique global solution ipo+u{t), 
where u(-) G C([0,oo),i/ 1 (R iV )) and u(0) = uq. The solution depends continuously on the 
initial data uq G ^f 1 (R iV ). 

Notice that the solutions in [23] satisfy (P2) by construction and they also satisfy (P3) and 
(P4). Moreover, it is proved (see Theorem 1.5 p. 733 in [23]) that any solution ip G C([0,T],£) 
automatically satisfies (P2). 

Lemma 6.1 Assume that F is such that (Al), (A2), ((PI) or (PI')) and (P2)-(P4) hold. 



Let ipo G £ and let V> ^ e the solution of (1.1) with initial data ipo; as given by (PI) or (PI')). 
Then 

Q(iP(t)) = Q(Vo) for any t G [0,7^). 
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Proof. Assume that tpQ G £ is such that AipQ G L 2 (R N ). Let ip(-) be the solution of (1.1) 
with initial data ip . By (PI) and (P4) we have i/> x .(-) G C([0,T v , o ),iJ 1 (R JV )), j = 1, . . . , iV. 
Let t,t + s G [0,T^ ). Since ip(t + a)-ij)(t) G iT^R™) by (P2), the Cauchy-Schwarz inequality 
implies (iV^if^ + ^+iV^iW, V ; (^ + s ) — V^)) £ L 1 (R Ar ). Using the definition of the momentum 
and Lemma |2.3| we get 



i (Q(V(i + a)) - Q(V(*))) = ^«#xx(* + «) + ^(t), ^(t + s) - V(*))) 



R^v 



(#*i(< + *) + ^(t), \{$(t + s)- 4>{t))) dx. 



Letting s — > in the above equality and using (|1.1|) we get 

d 



.1) 



dt 



(0(r(/))) 2/ <^, A^t)+F(|^| 2 )^(t))dx. 
rat axi 



Since g^y G ff 1 (R Ar ), using the integration by parts formula for H 1 functions (see, e.g., [TIT 



p. 197) we have 
(6.2) 



R N 



dip(t) 
dx\ 



Aip(t)) dx 



N 



n N 



r-f dx\dxj ' 



dm , 

8Xj ' 



dx 



d 
2 7 R jv dxi 



(|W>(i)| 2 ) dx. 



We have |V^(t)| 2 G L X (R W ) and gf- (|V^(i)| 2 ) 



2E 



jv / aV(t) 



9x, ' 



G L^R^), hence 



we have / RJV ^ 



4L 



x) da; = 



(VV'(t)l 2 G W 1 ' 1 ^). It is well-known that for any / G W 1 » 1 (R JV ) 
and using Q we get J" RW (*gfi A^(t)) da; = 0. 

On the other hand, 2{ip Xl (t), F(\ip\ 2 )ijj(t)) = —^ {V(\ip(t)\ 2 )) . We have V(\^{t)\ 2 ) G 
^(R^) by Lemma O Using the fact that ip Xj (t) G H 1 ^), (Al), (A2) and the Sobolev 
embedding it is easy to see that J- (U(|V>(£)| 2 )) = -2(ip Xj (t), F(\ip\ 2 )iJ;(t)) G L^R^) for all 
j, hence U(|^(t)| 2 ) G W 1 ' 1 (R JV ) and therefore J Rjv gfj (U(|^(t)| 2 )) dx = 0. Then using dO 

for any t, consequently Q(ip(-)) is constant on [0, T^ ). 



we obtain 4(Q(V>(i))) 



Let Vo ^ £ be arbitrary. By Lemma 3.5, there is a sequence (ipo)n>i C £ such that 
VV'o £ ff^R^) and ||^q — V'ollifi(R^) — >■ as n — >■ oo (thus, in particular, d(ipQ , tpo) — > 0). 
Fix T G (0, T^, ). It follows from (PI) or (PI') that for all sufficiently large n, the solution ip n (-) 

uniformly on [0, T\. 
Using Corollary 4.13 we infer that for any fixed t G [0, T] we have Q{^ n (t)) — > Q(i/j(t)). From 

> Q(ipo) as n — > oo. 
□ 



of ( 1.1 ) with initial data V'o exists at least on [0, T] and d(ip n (t),ip(t)) 



the first part of the proof and Corollary 2.4 we get Q(ip n (t)) 
Hence Q(ip(t)) = QM- 

We now state our orbital stability result, which is based on the argument in |13| . 



Theorem 6.2 Assume that (Al), (A2), ((PI) or (PI')) and (P2)-(P4) hold. 

• We assume N > 2 and V > on [0,oo). Let q > qo, and define S q = {ip G £ \ Q(ip) 
q, and E(ip) = E min (q)}. 



Then, S q is not empty and is orbitally stable by the flow of (1.1) for the semi-distance do 



in the following sense: for any e > there is 5 e > such that any solution of (1.1) with initial 



data tpQ such that do(ipo,S q ) < 5 £ is global and satisfies do(il>(t),S q ) < e for any t > 0. 

• Assume that N = 2 and iniV < 0. Let q G {%,qbo) and define S q = {if) G £ \ Q(tp) 
9, Jr 2 VM 2 )dx > and Ety) = E^Jq)}. 



Then S q is orbitally stable by the flow of (1.1) for the semi-distance do- 
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Proof. We argue by contradiction and we assume that the statement is false. Then there 
is some eo > such that for any n > 1 there is i/)q G £ satisfying do(^,S q ) < ^ (resp. 

do(^0'^) < n and tnere is *« > such that d (ip n (t n ),S q ) > eo (resp. do(ip n (tn) , S q ) > £o, 
where ip n is the solution of the Cauchy problem associated to (1.1) with initial data V'o- 



We claim that Q(^) — ► Q and E{^) — ► £ miri (g) (resp. #($*) — ► #Ln(?))- In deed, 
for each n there is </> n G 5 9 (resp. G <Sg) such that do(ipQ,^> n ) < — • in the case when N = 2 
and V achieves negative values, we have J R2 |Vi/>o| 2 (ia; < (HW>o IIl 2 (R 2 ) + f ) 2 < ^oo for ah 
sufficiently large n, hence J R2 U(|V>o I 2 ) &x > 0. Consider an arbitrary subsequence (ipQ e )i>i 



of (ipo)n>i- Using either Theorem |4.9| or Theorem 5.11 we infer that there are a subsequence 



fc >i of (cpn)n>i, x k G R N and G S q (resp. G 5|) such that do((f> nt (• + x fc ), <f>) — > as 



•""" " '^ ■'•'■"S fc (-+**),fl+v4 

/™^.\ ^//^t/ \\ •"./ /\ 1 7-1/ /™*f> 7-1/ ,"■« 



4.13 



fe — >■ oo. Then d (ifj Q h (• + x k ), 4>) < do(4>n ek (■ +£*.), 0) + — ► and using Corollary 

we get Q(^ k ) = Qt^f' + *fc)) — ► W) = 9 and £(^'*) = £(#*(■ + a*)) — > £(<£) = 
E m in{q) (resp. E(il) Q lk ) — )• E(4>) = E* min {q)). Since any subsequence of (V>o)n>i contains a 
subsequence as above, the claim follows. 



By (P3) and Lemma KiTTl we have E(ip n (t n )) = E(i/}q) — > E min (q) (resp. E(ip n (t n )) 
E min {q)) and Q(ip n (t n )) = Q(ipo) — ^ 1- Moreover, if AT = 2 and inf V < 0, we have already 
seen that J R2 V(jip n (t)\ 2 ) dx ca nnot change sign, hence J R2 V (\ip n (t n )\ 2 ) dx > 0. Using again 



either Theorem 



4.9 



or Theorem 



5.11 



we see that there are a subsequence (nk)k>i, Vk G R^ and 
C G S q (resp. G S\) such that do(4>n k {tn k ), £(• — y^)) — > as k — > oo, and this contradicts 
the assumption do(ip n (t n ) , S q ) > £q (resp. do(ip n (t n ),Sq) > £q) for all n. The proof of Theorem 



6.2 is thus complete. □ 



7 Small energy solutions 



The aim of this section is to prove Proposition 1.4 The next lemma shows that the modulus 
of traveling waves of small energy is close to tq. 

Lemma 7.1 Let N > 2. Assume that (Al) and ((A2) or (A3)) hold. 

(i) For any e > there exists M{e) > such that for any c G [0, v s ] and for any solution 



xj) G £ of (1.3) with \\Vip\\ L 2( R N} < M(e) we have 

(7.1) ||V>(»)|-r | <£ forallx£R N . 

(ii) Let p > Npo, where po is as in (A 2) (respectively p > 1 if (A3) is satisfied). For any 



e > there exists £ p (e) > such that for any c G [0,v s ] and for any solution ij) G £ of (1.3) 



with || \ip\ — rolliprRjv) < £ p (s), (7.1) holds 



Proof. Assume first that (Al) and (A2) are satisfied. 

We will prove that there is L > such that any solution i/> G £ of ( |1.3| ) such that 

1 1 Vt/; 1 1 L 2 (rat) is sufficiently small (respectively \\\tp\ — ?*o||l 2 (r jv ) i s sufficiently small) satisfies 

(7.2) IIWH^RiV) < L. 



Step 1. We prove (7.2) if N > 3 and ||V?/>|| L a( R 2V) < M, where M > is fixed. 
Using the Sobolev embedding, for any <j) G £ such that ||V^>||x,2( R jv\ < M we get 

- 2r o)+\\ L 2*(n N ) ^ Cs||V|0| || L 2 (r jv) < Cs||V^|| L 2( R jv). 



5N 



Since \<fi\ < 2vq + (|0| — 2ro)+, we see that is bounded in L 2 * + L°°(R ). It follows that for 
any i? > there exists Cr^m > such that for any G £ as above we have 

»v 



m(B(x,R)) < Cr,m for all x G R 



If ip G £ is a solution of (1.3), c G [0, v s ] and ||VV ; ||L 2 (R iV ) < M, using (3.11) and a standard 



bootstrap argument (which works thanks to (A2)) we infer that for any p G [2,oo) there is 
C p > (depending only on F, N, p and M) such that 

\\^\\w*<p{b{x,1)) < C P for all x G R^. 

Then the Sobolev embedding implies that ip G C 1,a (R N ) for all a G [0, 1) and there is L > 



such that (7.2) holds 



Step 2. Proof of (i) in the case iV > 3. 



Fix e > 0. There is L > such that any solution G £ of (1.3) with HV^IIl^ rW) < 1 
satisfies (7.2). If -0 is such a solution and | |V>(xo)| — ?"o| > e for some xq G R^, from (7.2) we 
infer that | IVK^)! — r o| > § fo r an Y % G B(xq, j^). Then using the Sobolev embedding we get 



Cs||V^|| X 2 (R w) > || |0| - r || L 2. (R jv) > || |0| - r \\ L 2* {B{xo e }) 



> 



£ 



^r^v 



2 V V2L/ 



£ (#(0,1)) 



We conclude that if || ^iP\\l 2 (r n ) < mm ( 1> 



2C S 



^) W C N (B(0, 1))) 2 * ) . i inn ^ satisfies (|7.l|) 



5iep 5. Proof of (7.2) if N = 2 and ||V0||£2( R 2) is sufficiently small. 

By (4.2) there is M\ > such that for any G £ with ||V0||£2m2) < Mi we have 

„2 



(7.3) 



R 2 



(^ 2 (|0|)-r o 2 ) Z ^< 



n 



R 2 



'))dx< 



3a z 



R 2 



^ 2 (|0|)-r 2 )^x. 



Let G £ be a solution of (1.3). By Proposition 4.14 (ii) we have G Vl^ '^(R 2 ) and this 



regularity is enough to prove that satisfies the Pohozaev identity 



(7.4) 



R- 



dip 
dx\ 



dx + 



R- 



dip 
dx 2 



dx I V(\i>\ 2 ))dx 
/r 2 







(see Proposition 4.1 p. 1091 in [H]). In particular, if ||VV>||l 2 (r 2 ) < Mi by (7.3) and (7.4) we 
get 



(7.5) 



R 2 



(^ 2 (h0|)-r 2 )^x<2 / V(\i>\ 2 ))dx<2 

Jr 2 Jr 2 



dip 



dx\ 



dx < 2Mi 



and Corollary 4.3 implies that there is some M2 > (independent on ip) such that || \i/j\ — 
r o||L 2 (R 2 ) < M2. We infer that for any R > there is M^(R) > (independent on ip) such that 
\h 1 (b(x,r)) < Ms(R) and hence, by the Sobolev embedding, ||'0IUp(B(a:,-R)) < C P (R) for all 



W 2 >p(B(x,1)) 



< 



x G R 2 and p G [2, 00). Using (3.11 ) and an easy bootstrap argument we get 

C p for all x G R 2 and p G [1, 00). As in Step 1 we conclude that there is L > such that any 



solution ip G £ of (1.3) with ||VV>||l 2 (r 2 ) < Mi satisfies (7.2) 
Step 4. Proof of (i) if JV = 2. 



Fix e > 0. Let 77 be as in (3.19). If -0 G £ is a solution of (1.3) with ||V0||^2/ R 2) < Mi and 
there is x$ G R 2 such that | |0(xo)| — vq\ > e, using (7.2) we infer that | |0(x)| ~~ r o| > 

v 2 



I for 



any x G ^(xo, ^), hence (</? 2 (H) - r 2 ,) > 77(f) on -B(x , 



^£) and therefore 



_2\ 2 



/(M) - rlY dx> £ (v? 2 (|V|) - r 2 ,) 2 ^ > tt (^) r, (|) . 
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On the other hand, by (7.5) we have a 2 J R2 (^(IV'I) — r o) dx < 2||V"i/ , ||^2f R 2y We conclude 
that necessarily | \ip\ — ro\ < e on R 2 if ||VV>||2,2( R a) < \^ (<§;) ??(§)■ 



Step 5. Proof of (7.2) if || \ijj\ — ro\\ LP r R N\ < M and p > NpQ. 

By Proposition 4.14 (ii) we know that tp and Vip belong to L°°(R ). We will prove that 
l°°cr.n) and ||V'(/'||i / oo( R jv) are bounded uniformly with respect to ip. The constants Cj 
below depend only on M,F,p,N, but not on ip. 

Let 4>(x) = e 2 ij)(x), so that \4>\ = \ip\ and </> satisfies the equation 

(7.6) A«/,+ (^+F(H 2 )^ = inR^. 

For all x £ R^ we have ||<^||x,p(B(a:2)) — Ci> where C\ depends only on M and ro. Fix 
r = (^fr) - such that Npo < 2rpo < P and (2po + l)r > p. In particular, we have r > -j > 1. 



Since | ( f + F(|0| 2 ) ) <f>\ < C 2 + C 3 |0| 2po+1 , using (|7.6| we find that for all xeR^we have 
(7.7) 



|Ac 



\L r (B(x,2)) 



< C 4 + Q 



2po+l-2 
5 H^llL°°(B(x,2)) HVIlLP(B(a !l 2)) 



It is obvious that |0| < C 8 + Cgi m i Loo(R]V) 

1^(^,2)) < (^(5(0, 2))?C 8 + C7 9 C : 



< c 6 + c 7 

hence oi> satisfies 



2po+l-£ 

L oo( R AT) ■ 



i H^IIl°°(rjv) ■ 



Then, using (3.11) we infer that for all x £ R 



v 



< ClO + C; 



2P0 + 1-2 



W rt2 - r (B(a; 1 l)) ^ <^10 + ^ll||</>|| L oo( R iV) 

Since r > y, the Sobolev embedding implies ||^||loo(b( x .i)) < Cs|| ( / , llw /2 ' r (B(a;,i))- Choose £o £ 
R^ such that |H|l->(b(:eo,i)) > |H0IIl°°(r*)- We have 

^rll^lll,°°(R^) < 7rll^lli°°(B(a:o,l)) ^ l|0llw 2 .''(.B(a;o,l)) ^ ClO + Cll|| ( ? i> ll L oo( R jv)'- 
Since 2po + 1 — f < 1 by the choice of r, the above inequality implies that there is C\2 > 



such that ||0||ioo(H,jsr) < Ci2- Then using (7.6) and (3.11) we infer that ||</ ) ||vK 2 '9(B(a;,i)) < C(q) 



for all x £ (R ) and all q £ (l,oo), and the Sobolev embedding implies ||Vc/>|| L oo( R jv\ < C13 
for some C13 > 0. Since ^(x) = e 2~<^(x), the conclusion follows. 
Step 6. Proof of (ii). 



Let V be a solution of (1.3) such that || \ip\ — tq\\lp(h n ) < 1- By step 5, there is L > 
(independent on tp) such that (7.2) holds. If there is xq £ R^ such that | |-0(xo)| — ro| > e, we 
have I \ip\ — tq\ > | on B(xq, j£) and consequently 

II \M - ^oIIlp(r^) > II IV>I - roh^B^,^)) > \ {[^ff C N (B(0, l))^ ' 

Thus necessarily | \i/}(as)\-r \ <eonR iV if || |^|-r ||Li,( R w) < min M , | ((&) N £ N (B(Q, 1))) p 
If (Al) and (A3) hold, it follows from the proof of Proposition 2.2 (i) p. 1078 in 



that there is L > such that (7.2) holds for any c £ [0, v s ] and any solution tp € £ of (1.3) 
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Therefore the conclusions of steps 1, 3 and 5 are automatically satisfied. The rest of the proof 
is exactly as above. □ 

By (Al) we may fix #, > such that ^(s - r 2 ,) 2 < V(s) < ^f-(s - r 2 ) 2 'd\y/s-r \< /?*. 



Let U G £ be a traveling wave to ( 1.1 ) such that tq — /3* < \U\ < tq + /3*. It is clear that 

,2 



(7.8) 



a ""--|2 „2\2 ^ ir(\TT\1\ ^ ^ a t\TT\2 „2\2 



2 w-»*r<nm< : y-w 



'o; 



on R". 



It is an easy consequence of Theorem 3 p. 38 and of Lemma CI p. 66 in 1 1 th at there exists a 

/ ; 2 ' p , 

loc 



lifting U = pe w on R^, where p, 9 € W l( ^(¥{, N ) for any p G [l,oo). Then (1.3) can be written 



in the form 



(7.9) 



Ap-p\V9\ 2 + pF(p 2 
c d 



div(p 2 V6) 



89 

8x\ 

(p 2 -r 2 ). 



Multiplying the first equation in (7.9) by p we get 
1 



(7.10) 



■-A(fl'-rS)-\VU\< + fSF(f>')-cOi t 



39 
dx\ 



, 89 
1 dx\ 



The second equation in (|7.9|) can be written as 
(7.11) 



1 ■■ 2 — ' C & ( P 2 -rD-- l{i 



dW({p z - 4)V9) + 



2 9xi 



r 2 A9. 



We set rj = p 2 — r 2 , and define g : [—Tq, +oo) by g (s) = v 2 s + 2(r§ + s)F(rg + s), so that 
<?(s) = 0{s 2 ) for s — )• 0. Taking the Laplacian of (7.10) and applying the operator c-^r to 



(7.11), then summing up the resulting equalities we find 



(7.12) 



[A 2 - v 2 A + c 2 d 2 £l ] r? = A (2|VC/| 2 - g(jf) + 2cqd Xl 9) - 2cd Xl (div(7/V0)) in S'(R N ). 



Notice that the right-hand side of (7.12) contains terms that are (at least) quadratic. We write 



(7.12) using the Fourier transform as 



(7.13) 
where 



m=£c(0T(t), 



\p\2 _p2 N pp. 

(7.1 ! ) T(0 =r -F(2\VU\ 2 - g( V )) - 2^\^F{ V d Xl <t>) + 2c£*p.F(i^ 



Kl s 



and 
(7.15) 



£ c (£) 



lep 



\t-\A + v 2 M 2_ c 2p2 



On the other hand, we know that U satisfies the Pohozaev identity (5.25). Using (2.7) and 
the Cauchy-Schwarz identity we have 



\Q(U)\ 



R/ 



(p 2 - rjj)0 Xl dx 



< ll r ?llL 2 (R JV )l|0a;il|L 2 (R JV ) < 



1 



?~o -/3* 



l r ?llL 2 (R JV )ll VC/ llL 2 (R iv )- 
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Inserting this estimate into (5.25), using (7.8) and the fact that \c\ < v s we get 

(7.16) (JV - 2)||VC/||2 2(RJV) - ^~_ 1)Vs \\v\\ L 2 {n ^U\\ L 2 iRN) + ^\\v\\ 2 L 2 iR N } < 0. 

I o p* ^ 

The case N > 3. If N > 3, let a\ < 02 be the two roots of the equat ion (N — 2)y 2 
r -8* B y ^ — T~ = 0- ft * s obvious that ai and 02 are positive and from (7.16) we infer that 

(7-17) ai|MlL2( R iV) < ||W|| L 2( R iV) < a2||r/|| L 2 (R iV). 



Proof of Proposition I.4 for N > 3. We use the ideas introduced in [7] and |21j . 

In the following Cj and Kj are positive constants depending only on N and F. 

Let j3* be as above. By Lemma |7.1[ there are Mi, £1 > such that any solution U G £ to 

( L3J with J RJV |VJ7| 2 dx < M x (respectively with J RJV (|C/| 2 - r 2 ,) 2 dx < l x if (A3) holds or if 
(A2) holds and po < j?) satisfies ro — /3* < \U\ < r$ + f3* and, in addition, (7.2) is verified. 



Then we have a lifting U = pe and (7.8)-(7.17) hold. Since g{rj) = 0{rj ), it follows from 



(7.17) that 



(718) P\VU\ 2 - g(r,)\\ L i {nN) < 2||V[/|| 2 - 2(RjV) + Ci||r / || 2 - 2(R , ) <C2h|| 2 :2(RjV) 



< C3||W||2 2 



(R^)- 



On the other hand, from ro — /3* < \U\ < ro + /3* and (7.2) we get ||2|VC/| 2 — g(v)\\L°°(K N ) — ^4 
and then, by interpolation, 

(7-19) \\2\VU\ 2 - g(v)\\ L p(n") < Ci(p)h||| 2(RiV) , 

respectively 

(7-20) \\2\VU\ 2 - g( V )\\ LP{nN) <ifi(p)||W||f 2(RjV) 

for any p G [1, 00). It is obvious that \r)d Xj 6\ < r \ \rj\ ■ \VU\ and, as above, we find 

2 2 

(7.21) \\r}d Xi 0\\ir(B») < C2(p)\\v\\l2 {RN y and ||77^/|| LP(R ^ < tf 2 (p)[| W[|f 2(RjV) . 



By the standard theory of Riesz operators (see, e.g., [45 1), the functions £ 1 — > ^^ are Fourier 



L?l 2 



multipliers from LP(R N ) to ^(R^), 1 < p < 00. Using J7.14| ) and fl7.19| )-( |7.2l| > w e infer that 
T G ^(R^) for 1< p < 00 and 

2 2 

(7.22) \\^\\lp(hn) < C 3 {p)\\ri\\ P L2{nNy respectively ||T|| LP(R iV) < ir 3 (p)[|VC/[|^ 2(RW) . 

' and 



We will use the following result, which is Lemma 3.3 p. 377 in |21| with a — 2 n- 
q = 2. Notice that ^ = |j^| < 2 if iV > 3. 

Lemma 7.2 (f21f) Let N > 3 and fei j>at = L~, ' G (1,2). There exists a constant Kn, 



depending only on N , such that for any c G [0,v s ] and any f G L Pjv (R ) we have 

llJ-^Onf))!!/-^) < K N \\f\\v, NiK Ny 
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From (7.13), Lemma 7.2 and (7.22) we get 
(7.23) 



■2_ 

PN 



v\\l 2 (r n ) < K n \\^\\ lp n(rn) < K N C3(pisf)\\ri\\'^^ RN y 



PN 



Since — > 1, (7.23) implies that there is I* > (depending only on N and F) such that 



IMIl^rw) > £*r°*~ttV\\L 2 (R N ) = 0- I n the latter case from (7.17) we get ||V[/||£,2( R jv) = 0, 
hence U is constant. 



From (7.23) and (7.17) we obtain 



\\^ u \\l 2 (rn) < a2\\r)\\L 2 (R N ) < a iKN C 3 {pn) I I V 1 1 iJ*(b. n ) - a i W °2^^3(Piv)||W||^ (RjV) . 
As above we infer that there is £;* > such that either ||VJ7||£2( R jv) > k*, or U is constant. D 
The case N = 2. If N = 2, from (17. 161) we infer that ||r/|| L 2( R w) < ^ri^j [|V£/"[|^( R isr). 



However, the Pohozaev identities alone do not imply an estimate of the form ||Vf7||^2( R iV) < 
C||r/|| i 2(Rjv\. To prove this we need the following two identities, which are valid in any space 
dimension and are of independent interest. 



Lemma 7.3 Let U = pe £ £ be a solution of (1.3), where inf p > 0. Then we have 
(7.24) 



(7.25) 



n N 



2 / p 2 \V9\ 2 dx = -c I (p 2 - rl)d Xl 6 dx 
Jr, n Jr, n 



2p\Vp\ 2 + p(p 2 - r 2 )\V<P\ 2 - p(p 2 - r 2 )F{p 2 ) dx 



and 



cl p(p -r )d xi (j) dx. 
Ir, n 



Proof. Fomally, U is a critical point of the functional E c = E — cQ . Denoting U(s) = pe 



l.sO 



one would expect that ^\ s=1 (E c (U(s)) = and this is precisely (7.24) 



In the case of the Gross-Pitaevskii equation, (7.24) was proved in [7] (see Lemma 2.8 
p. 594) by multiplying the second equation in (7.9) by 9, then integrating by parts. The 
integrations are justified by the particular decay at infinity of traveling waves for the Gross- 
Pitaevskii equation. Since such decay properties have not been proved for other nonlinearities, 
we proceed as follows. 

For R > 0, we denote 9 = „ <Ar _i ,■!„,,, m x f dB 9 d'H 1 ^^ 1 , we multiply the second equation in 



H N - 1 (dB{0,R)) JdB r 



(7.9) by 9 — 9 and integrate by parts over B(0, R). We get 



p 2 \V9\ 2 dx-2 



(7.26) 



B(0,R) 



dB(0,R) 



,^e-e)dn N - x 

ov 



-cl (p 2 -r 2 )d Xl 9dx + c ( P 2 -r 2 )(9 

'B(0,R) JdB(0,R) 



)v t dU 



N-l 



where v is the outward unit normal to dB(0, R). By the Poincare inequality we have for some 
constant C independent of R, 

l|0 - ^lli 2 (SB(0,fl)) < CR\\V9\\ L 2( dB ( 0:R )y 

Using the Cauchy-Schwarz inequality we have for R > 1 



dB(0,R) 



p\9-9)^-dH 
ov 



,N-1 



+ 

< CR 



* I {p -r$)(0-6)vi dU 

dB(0,R) 



N-l 



dB(0,R) 



(P 2 



„2\2 



+ IV0I 2 dU 



N-l 
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Since p 2 — r 2 , and V0 G L 2 (R N ), we have 
/ / (p 2 -r 2 ) 2 + |W| 2 

Jl \JdB(0,R) ) 

hence there exists a sequence Rj — > +00 such that 



JV-l 



dR 



J{\x\>l} 



] rl) 2 + |V0| 2 dx < 00, 



/. 



6B(0,Rj) 



{ P 2 -r 2 ) 2 + \ve\ 2 du N - l < 



Rj In Rj 



Writing (7.26) for each j, then passing to the limit as j — > 00 we obtain (7.24). 

It is easily seen that p 2 — r 2 , G i7 1 (R Ar ). Multiplying the first equation in (7.9) by p 2 



and using the standard integration by parts formula for H 1 functions (cf. [TO] p. 197) we get 



By Cauchy-Schwarz inequality, (7.24) yields 



2/ p 2 \V9\ 2 dx = -c I {p 2 -rl)d Xl 6dx<C\ I 
Jr n Jr n \Jr,^ 



(p 2 



„2\2 



dx 



1/2 



P 2 \ve\ 2 dx 



R/ 



1/2 



from which it comes 



/ p 2 \V9\ 2 dx<C f 
Jn N Jr n 



r\ dx. 



Using(7.25), the fact that < r$ — (3* < p < ro + (3*, the inequality 2ab < a + b and the 



above estimate we find 

2(r -&) I \Vp\ 2 dx< [ 2p\Vp\' 
Jr n Jr n 



dx 



n N 



pr]\V9\ dx — c 



f 7](pd Xl 9)dx+ f p 2 V F(p 2 )dx 
Jr n Jr, n 



< C f p 2 \V9\ 2 + r] 2 dx<C f r, 2 dx. 
J-r n Jn N 

It follows from the above inequalities that in the case N = 2, there exist two positive 



constants 01, 02 such that any solution U G £ to (1.3) with < c < v s and r$ — /3* < \U\ < 



vq + (3* satisfies (7.17) 



Proof of Proposition I.4 if N = 2, (A4) holds and T = 0. The strategy used in the case 
N > 3 has to be adapted: small energy traveling waves exist when N = 2 and r /0 (see 



Theorem 4.9 Proposition 4.14 and Theorem 4.15). This is related to the fact that Lemma 



7.2 does not apply if N = 2. The proof relies on an expansion in the small parameter 77 
and the observation that when the energy is small, we must have r^d Xl ^> ~ —cq/2. Since 

v 2 = —2r 2 F'{ro) and T = 6 r -$-F"(ro) = 0, as s — > the function g verifies, by (A4), 



g(s) = vis + 2(r 2 + s)F(r 2 + s) = v 2 s s + 2(r 2 + s) ( sF'(r 2 ) + -s z F"(r 2 ) + 0(s d 



2 T?H ljl\ 



?I(J1\ 



(v 2 s + 2r 2 F'(r 2 ))s + (r 2 F"(r 2 ) + 2F'(r 2 ))s' + 0(s 



2r 2 ' 



;s 2 + 0(s 3 ). 



By Lemma 7.1, there are Mi, t\ > such that any solution U G £ to (1.3) with c G [0,v s ] 
and J R2 \VU\ 2 dx < Mi (respectively J R2 {\U\ 2 - r 2 ,) 2 dx < l\ if (A3) holds or if (A2) holds 
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and po < 1) satisfies ro — /3* < \U\ < r$ + /3*, the estimate (7.2) is verified, we have a lifting 
U = pe and all the statements above are valid. 



Recalling that T is defined by (7.14), we observe that in the expression 2|VC/| — g{rj) we 



have the almost cancellation of two quadratic terms: 2p 2 (d xi 9) 2 — ^ii] 2 ~ \{{rQd Xl 9) 2 — ^frj 2 ) 

is much smaller than quadratic if r 2 d Xl 9 ~ v s r]/2. We now quantify this idea and split the 
proof into 7 steps. We denote 



(7.27) 



h = r d xi 9 + —-T}. 
2r 



By Lemma 7.1, |M|z,°o(n2) can be made as small as desired by taking Mi (respectively l\ 



sufficiently small. Moreover, using (7.17) we get 

( 7 - 28 ) IMIl 4 (r 2 ) - IMIl^r^IMIl^r 2 ) - cil r /llL 2 (R 2 ) - ^II v ^IIl 2 (r 2 )- 

Step 1. There is C > 0, depending only on F, such that if Mi (respectively t\) is small 
enough, 

/ h 2 + (d X2 0) 2 + (v 2 - c 2 ) v 2 dx < C\\T)\\iwy 

JR 2 V ' 

The starting point is the integral i dentit y J" R2 p 2 \V9\ 2 + V(p 2 ) + c(p 2 — ro)d Xl 9 dx = 0, 
which comes from the combination of (7.24) and the Pohozaev identity J* R2 2V{p 2 ) + c(p 2 



)d Xl 9 dx = (see Proposition 4.1 in |43j). From (A4), we have the Taylor expansion of 



the potential V(p 2 ) = V{r 2 + rj) = ^rj 2 - lF"(r 2 )r] 3 + C(r? 4 ) 



^V 2 ~ ^V 3 + C^) since 



F"{r 2 ) = ?>v 2 /2 when T = 0. Therefore, the integral identity provides 



/ (rg + V)(d x2 0) 2 + r 2 (d xi 6) 2 + V (d Xl 9) 2 + ^ v 2 - ^ + 0(r, A ) + <■„<), { 9 <lv I). 



< 



Then the identity h 2 = rQ(d xl 9) 2 + cr]d Xl 9 + f^r] 2 gives 



(rg + ri)(d X2 9f + h 2 + ^-V 2 + v (d Xl 9) 2 - -^rj 3 dx 
/ R2 4r$ 4rg 

hence, rearranging the cubic terms, 



R 2 



0(r/ 4 ) dx, 



(7.29) 



R 2 



(r 2 + 7 1 )(d X2 9y + h 2 + 



2 i v s C 2 



K 



ifi 



dx 



R 2 r o 



r, h(h-^)+0(r } i )dx. 

V r / 



For the left-hand side, we have r"k + r\ > r"k/2 and 1 — \ > i if Mi or ^i are sufficiently small 

(because ||?7||z,°°(r2\ is small). We now estimate the right-hand side. Since ||^||l°o(r 2 ) is small, 
we have | J* R2 0(?? 4 ) dx\ < C||?7|||,4(r2\ arid by Cauchy-Schwarz and the inequality 2ab < a 2 + b 2 , 



-Tjhih ) dx 

R 2 rg V r o 



< 



\m\L°°(n 2 ) 



h 2 dx + 



R 2 



l 

h dx 



r'6 v Jr 2 



R 2 



l 

r\ dx " 



< g / 2 h2 d* + c \\v\\i*(A')> 
provided that Mi or t\ are small enough, where C depends only on F. Inserting these estimates 



into (7.29) yields the result. 



Step 2. There exists C, depending only on F, such that, if Eq is small enough, 

J 2 |v P | 2 + (v 2 - cV dx < c\\n\\l Hn , y 
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We start from (7.25), that we write under the form 

2p\v P \ z dx-- - / p V ((d Xl 6) 2 + {d X2 ef) - PV F(p 2 ) + cp V d xl e dx. 



R 2 Jn 2 

2\ _ „rpl(^2\ , nt^i\ 



Using the expansion F{p ) = 7]F'{tq) + 0(r/ 



■ 2 r§ 



+ C(r/ 2 ), this gives 



,2 „2 



(7.30) / 2p|V /0 | 2 + 



R 2 



2r 2 
z '0 



/>?7 2 dx 



w {{d xi ef + (d X2 9) 2 ) + - P r,h + o{\^) dx. 

R 2 r 



Note that by the Cauchy-Schwarz inequality, 
(7.31) 

|2 <- 0. ™- IIV77Tl|2 



. . o 1 1 1 1 2 1 1 1 1 

r?|| L 3 (R 2) < ||r/|| L 4 (R 2 ) ||7?|| L 2 (R 2 ) . 



Since either |Ml2,2( R 2) < ^i or [|Vt/'[|^a( R 2) < M\ and then, by (7.17), IMI^^ < ~^r, we get 



Mi 



(7.32) 



J 2 0(|r/| 3 ) dx < Ch|||3 (R 2 } < CIMI^^IHI 2 ^) < C\\rj\\ 2 L4{R2) . 

Recall that r$ — (3* < p < r$ + /3* and using step 1 we find 

/ P 7](d X2 0) 2 dx <C i (d X2 6) 2 dx < C\\ri\\l 4(R2) . 
Jn 2 Jn 2 y ' 

Since c 6 [0,u s ], from step 1 and the Cauchy-Schwarz inequality we obtain 



R 2 ^o 



-/ory/i dx 



< C|l r ?llL 2 (R 2 )ll^llL 2 (R 2 ) < C||»7ll|4 (R 2 



Using the definition of h, step 1 and (7.32) we now estimate 

f pv(d xi e) 2 dx 

Jn 2 



<C 



(7.33) 



h 



, -^ dx 

R 2 V r o 2r^ 



< C|Mk~(R2) ih 2 dx + ci |??| 3 dx < C||r7||| 4(R . 2 



Summing up the above estimates yields the conclusion. 

2 

In steps 1 and 2 we have not used the fact that T = 0. Since g(s) = ^%s 2 + 0(s 3 ) when 



r = 0, it is natural to write (7.13) in the form 



f/(0= - Ui. ir ( 2r 2 (d Xl 6) 2 - |^ 2 



(7.34) 



£ C (£).F ( 2t,(5 x1 0) 2 + 2p 2 (^ 2 #) 2 + 2|Vp| 5 
2cC c {£)^F{r ] d Xx e) + 2c^-£ c (0Hvd: 



g(v) 



2& 1 



Kl s 



^x 2 l 



where we recall that £ c (£) is given by (7.15). We expect the term in the first line of (7.34) to be 



much smaller than quadratic. By the Riesz-Thorin Theorem we have ||ry|| L 4( R 2) < C||^|| L 4/3( R 2). 
We will estimate all the terms in the right-hand side of (7.34) and we will show that they are 
bounded by C||r/|| 2 4 / R 2)- 



66 



Step 3. We have, for some constant C depending only on F, 



2c^0£ c (OHvd X2 t 



L 4 /3(R2) 



^ cIMIl^r 2 )- 



Indeed, by the continuity of F : L X (R 2 ) — > L°°(R 2 ) and the Cauchy-Schwarz inequality one 
has 



2c^C c (OF(7 1 d X2 9) 



Lirw ^ c ^d X2 e)\\L^) j^UO 
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L 4 / 3 (R 2 ) 



<c\\ v d X2 e\\L^^)\\^^c(0 



L 4 /3(R 2 ) 



<c|| ? ?IIl 2 (r 2 )II^2^IIl2(r2) -|7j2"^ c (0 
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L 4 / 3 (R 2 ) 



<cu 2 



L 4 (R 2 ) 



66 £ (£) 



L 4 /3(R 2 ) 



where we have used Step 1 in the last line. Thus it suffices to prove that 

is bounded independently on c. 

Using polar coordinates, we find for all q > 1, 

i-tt/2 f+oo 



^Ce(fl 



L 4 / 3 (R 2 ) 



KlM 



|£c(0III, (R2 ) j R2 m i + ^\2\ c 2g )q =~- 4 J J. {r > + ri -clvo^OV 



r dr d$ 



tt/2 



d-d 



< 



■k/2 



dt) 



w / 2 d$ 



q ' 1 Jo Of ~ c 2 cos 2 i?)?" 1 - 9" 1 J (v 2 s - v 2 cos 2 i?)?- 1 " (g-iH 2 ^ J (sin 0)2(«-i) ' 
Since the last integral is finite and does not depend on c, we get 

(7.35) 



0<c< 



In particular we have felr£ c (£) 
concludes the proof of step 3. 
Step 4- There holds 



sup ||£ c (6IIl9(r2) < C g < oo for any q G ( 1, - I . 

< ||£ c (0IIl 4 /3(r2) < Ci for < c < v s and this 



L 4 /3(R 2 ) 



2c^C c (OF(7 ] d Xl t 



L 4 /3(R 2 ) 



<C||7?| 



L 4 (R 2 )- 



From the definition of h we have rjd xi 6 = —rih — ^, thus 

'0 



i 2 

'lei 2 



2c^C c {F)F{r 1 d Xi e) 



L 4 /3(R2) 



<c 



lei 2 ' 



£c(tmv 2 ) r4/3 ^ 2 +C\\C c (0F(rjh)\\ Li/HR 2y 



L 4 /3(R2) 



The second term is estimated as in Step 3, using (7.35), step 1 and the fact that 1 1 ?? 1 1 x, 2 (Pt 2 ) i s 
bounded: 

||£c(£)«F(»7k)lll,4/3(Ra) < ||£c(0IIl 4 /3(R 2 )II-^(^)IIl-(R 2 ) < C|MIl 2 (R 2 )IHIl 2 (R 2 ) < C|M| 2 4 (R 2). 



For the first term we first observe that, since c 2 < v 2 , 



if. 

lei 2 



A=(0 



el 



< 



S2 



i^ + ^i 2 -^ 2 "^! 2 -^ 2 «r 
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hence, for < c < v s , 



f 2 

i2 UO 



Kl 



< 



£ 



£c(£) 



< 



*C*») ~ ^ W C{ " J ^(R 2 ) ~ ^Tall^wilxvcaa) - ^4/3- 



14,(011; 



C4 
< 3 



(Warning: £ c is not uniformly bounded in L (R ) as c — > v s .) As a consequence, using the 
generalized Holder inequality with jj* = 4 + 2 an< ^ the Plancherel formula, 



i 2 

l£l 2 



2 cdOHn 2 ] 



< 



f 2 
i2 CM) 



k c l 



L 4 (R 2 ) 



L 4 /3(R 2 ) 

Combining the above estimates gives the desired conclusion 
Step 5. If T = 0, we have 



C± 

\\Hv 2 )\\l 2 (r 2 ) < -^\H\h{n?y 



C c {i)F (2 v (d Xl 9) 2 + 2p 2 {d X2 9f + 2|Vp| 2 



g(v) 



2rf 



L 4 / 3 (R 2 ) 



< C\\r,\\ 2 Li 



(R 2 )' 



By ( |7.35[ ) and the inequality \\C c (0^( h )\\l^(R 2 ) ^ \\Cc(0\\ L 4/3 { b?)\\ :f ( h )\\l°°{ii 2 ) < 
C4 ||iT||xi(R2), it suffices to estimate 



2r ] (d Xi e) 2 + 2p 2 (d X2 6) 2 + 2\Vp(< 



g(v) 



2^ 



L l (n 2 ) 



g(s) = 4 S 2 + 0(s 3 ) as s -> 0, hence, by (17.31 



We estimate each term separately and use (7.35). When T = 0, we have already seen that 



g(v) 



M" 



Li(R 2 ) 



< C|kll|3 (R2) < C\\rj\\ 2 LHR2) . 



From step 2 we have 

K1 iW = L |v ' ,|2<to - c|l **<* 3 > 

and from step 1 we get 

p 2 (d X2 0) 2 rl _ <c/ (c^) 2 dx < C||7,||1 4(R2) < C|M|£ 4 

^(R 2 ) 7R2 v ; 



(R 2 )' 



Finally, as in (|T.33[) we infer that 

n(d xi ef 



Gathering the above estimates allows to conclude. 
Step 6. The following estimate holds: 



< C|| r /llL 4 (R 2 )- 



C c (OT[2r 2 (d Xl 6) 2 -^ V 2 



L 4/3 (R2) ^ c Mlw 



Indeed, arguing as is step 5 and using the definition of h, the Cauchy-Schwarz inequality and 
step 1 we deduce 



jC c (C)T(2r 2 (d xi e) 2 --^ V 2 

2r o 



< d 

L 4 /3(R 2 ) 3 



nh -^ 



2r. 



J s 2 



L 4 (R 2 ) 



V 2 — C 2 



< C\\h || L i(R2) + C||j7|| L 2( R 2)||/i|| L 2 (R 2) + s 2 / r] dx< C|M| L 4 (R2) . 

zr JR 2 
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Step 7. Conclusion. 



From the Riesz-Thorin theorem, we have ||t/||l 4 (r 2 ) < C|l 7 ?llz, 4 / 3 (Ff. 2 ) • Coming back to (7.34) 
and gathering the estimates in steps 3-6, we deduce 

IMIl^R 2 ) < C||^IL4/3( R 2) < C|M||4( R 2), 

where C depends only on F. Consequently, either ||?7||l 4 (r 2 ) = 0, or there is a constant n > 



such that |M|z,4( R 2) > k. If |M|l 4 (r 2 ) = we have r\ = a.e. and from (7.17) we get 



|VC/||i2( R 2) = 0, hence U is constant. If |M|l4( R 2) > k, (7.28) implies that there are £* > 



and k* > such that ||»7||x,2( R 2) > £* and ||VC/|| i 2( R 2) > k*. □ 
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